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Abstract. In this paper we describe the propagation of C°° and Sobolev sin- 
gularities for the wave equation on C°° manifolds with corners M equipped 
with a Riemannian metric g. That is, for X = M X Wt, P = D± — Am, and 
u £ Hi (X) solving Pu = with homogeneous Dirichlet or Neumann bound- 
ary conditions, we show that WFb(u) is a union of maximally extended gen- 
eralized broken bicharacteristics. This result is a C°° counterpart of Lebeau's 
results for the propagation of analytic singularities on real analytic manifolds 
with appropriately stratified boundary, [3] . Our methods rely on b-microlocal 
positive commutator estimates, thus providing a new proof for the propagation 
of singularities at hyperbolic points even if M has a smooth boundary (and no 
corners). 



1. Introduction 

In this paper we describe the propagation of C°° singularities for the wave equa- 
tion on a manifold with corners M equipped with a smooth Riemannian metric g. 
Let A = A g be the positive Laplacian of g, let X = M x R t , P = D 2 — A, and 
consider the Dirichlet boundary condition for P: 

Pu = 0, u\ dx = 0, 

with the boundary condition meaning more precisely that u S Hq loc (X). Here 
Hq(X) is the completion of C^°(X) (the vector space of C°° functions of compact 
support on X, vanishing with all derivatives at dX) with respect to IMI^ipq = 
||gHIl 2 (x) + IMU 2 (x), L 2 {X) = L 2 (X dg dt) , a,nd loc (X) is its localized version, 
i.e. u E Hl(X) if for all <G C%°(X), cj>u € H^{X). At the end of the introduction 
we also consider Neumann boundary conditions. 

The statement of the propagation of singularities of solutions has two additional 
ingredients: locating singularities of a distribution, as captured by the wave front 
set, and describing the curves along which they propagate, namely the bicharac- 
teristics. Both of these are closely related to an appropropriate notion of phase 
space, in which both the wave front set and the bicharacteristics are located. On 
manifolds without boundary, this phase space is the standard cotangent bundle. 
In the presence of boundaries the phase space is the b-cotangent bundle, h T*X, 
('b' stands for boundary) which we now briefly describe following [9], which mostly 
deals with the C°° boundary case, and especially [10]. 
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Thus, Vh{X) is, by definition, the Lie algebra of C°° vector fields on X tangent 
to every boundary face of X. Now, Vb(X) is the set of all C°° sections of a vector 
bundle h TX over X. The dual bundle of h TX is h T*X; this is the phase space 
in our setting. Let o denote the zero section of h T*X (as well as other related 
vector bundles below). Then h T*X \ o is equipped with an R + -action (fiberwise 
multiplication) which has no fixed points. It is often natural to take the quotient 
with the R + -action, and work on the b-cosphcre bundle, h S*X. 

The differential operator algebra generated by Vb(X) is denoted by Diffb(X), and 
its microlocalization is ^fh(X), the algebra of b-, or totally characteristic, pseudodif- 
ferential operators. For A e ty™(X), <7b iTO (^4) is a homogeneous degree m function 
on h T*X \ o. Since X is not compact, even if M is, we always understand that 
^>™{X) stands for properly supported ps.d.o's, so its elements define continuous 
maps C°°(X) -> C°°(X) as well as C-°°{X) -> C-°°{X). 

We are now ready to define the wave front set WFb(u) for u € (X). This 
measures if u has additional regularity, locally in h T*X, relative to H 1 . For u G 
Ht oc (X), q e h T*X \ o, m > 0, we say that q ^ WF^ m («) if there is A e V™(X) 
such that (Jb,m{A)(q) ^ and Au e H 1 (X). Since compactly supported elements 
of preserve H^X), it follows that for u G fl^PO, WF^°(u) = 0. For any 

m, WF^ m (u) is a conic subset of b T*Jf \ o; hence it is natural to identify it with a 
subset of h S*X. Its intersection with h T^ a X\ o, which can be naturally identified 
with T*X° \ o, is WF m+1 (ti). Thus, in the interior of X, WF^fu) measures if u 
is microlocally in H rn+1 . The main result of this paper, stated at the end of this 
section, is that for u € Hq(X) with Pu = 0, WF, l ) ' m (u) is a union of maximally 
extended generalized broken bicharacteristics, which are defined below. In fact, 
the requirement u € Hq(X) can be relaxed and m can be allowed to be negative, 
see Definitions 3.15-3.17. We also remark that for such u, the H 1 (X)-based b- 
wave front set, WF^ m (u), could be replaced by an L 2 (X)-bascd b-wave front set, 
see Lemma 6.2. In addition, our methods apply, a fortiori, for elliptic problems 
such as A g on (M,g), e.g. showing that u e Hq 1oc (M) and (A g — X)u = imply 

u e H^'^ c (M), so u is conormal - see the end of Section 4. 

This propagation result is the C°° (and Sobolev space) analogue of Lebeau's re- 
sult [3] for analytic singularities of u when M and g are real analytic. Thus, the 
geometry is similar in the two settings, but the analytic techniques are rather differ- 
ent: Lebeau uses complex scaling and the analytic wave front set of the extension of 
u as to a neighborhood of X (in an extension X of the manifold X), while we use 
positive commutator estimates and b-microlocalization relative to the form domain 
of the Laplacian. In fact, our microlocalization techniques, especially the positive 
commutator constructions, are very closely related to the methods used in A^-body 
scattering, [13], to prove the propagation of singularities (meaning microlocal lack 
of decay at infinity) there. Although Lebeau allows more general singularities than 
corners for X, provided that X sits in a real analytic manifold X with g extend- 
ing to X, we expect to generalize our results to settings where no analogous C°° 
extension is available, see the remarks at the end of the introduction. 

We now describe the setup in more detail so that our main theorem can be stated 
in a precise fashion. Let Fi, i £ I, be the closed boundary faces of M (including M), 
Ti = Fi x R, J^i^eg the interior ('regular part') of T{. Note that for each pel, 
there is a unique i such that p € -Fi,reg- Now, there is a natural non-injective 
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'inclusion' i : T* X — ► T*X, and the range of i over the interior of a face Ti lies in 
T*T (which is well-defined as a subspace of h T*X), while its kernel is N*T, the 
conormal bundle of T in X. Thus, we define the compressed b-cotangent bundle 
h T * x 

h T*X = U ie/ T*J^ ireg c h T*X. 
■ * 

Regarded as a map T*X -^°TX (i.e. onto its range) we relabel i as a projection 

• * 

7r. We write o for the 'zero section' of b T X as well, so 

h T*X\o = U ie iT*T^ cg \o, 
and then tt restricts to a map 

T*x\u t N*T -> b r*x\o. 

Now, the characteristic set Char(P) C T* X \ o of P is defined by ^({O}), 
where p G C°°(T*X \ o) is the principal symbol of P, which is homogeneous degree 
2 on T*X\ o. Notice that Char(P) DN*T = for all i, i.e. the boundary faces are 
all non-characteristic for P. Thus, 7r(Char(P)) C °T X\o. We define the elliptic, 
glancing and hyperbolic sets by 

£ = {qe h T*X \ o : ^(q) n Char(P) = 0}, 

G = {qe h T*X \ o : Card( 7 r- 1 ( g ) n Char(P)) = 1}, 

H = {q G h T*X \ o : Card( 7 r- 1 ( g ) n Char(P)) > 2}, 

with Card denoting the cardinality of a set; each of these is a conic subset of 
h T*X \ o. Note that in T*X°, tt is the identity map, so every point q e T*X° is 
either in £ or Q depending on whether q ^ Char(P) or q G Char(P). 

We briefly describe these sets in local coordinates. Let p G dX, and let T be 
the closed face of X with the smallest dimension that contains p, so p G T treg . 
Local coordinates near p are given by (xi, . . . , Xk, yi, ■ ■ ■ , yi, t) where T is defined 
by Xi = . . . = Xk = 0, and the other boundary faces through p are given by the 
vanishing of a subset of the collection x\ 1 . . . , Xk of functions - in particular, the k 
boundary hypersurfaces are given by xj = for j = 1, . . . , k. 

Such local coordinates on the base induce local coordinates on the cotangent 
bundle, namely (x, y, t, £, (, r) on T* X near Tr^ 1 (q), q G T*T. rcgl and corresponding 
coordinates (y, i, £, r) on a neighborhood W of q in T*Ti <leg - The metric function 
on T*M has the form 

g(x, y,£, = Y A v ( x > y)&£j + Y 2Ci i f + XI y)CiO 

i,j i,j i,j 

with A, B, C smooth. Moreover, these coordinates can be chosen (i.e. the yj can 
be adjusted) so that C(0,y) = 0. Thus, 

p\ x =o = T 2 -t-A( y )t-(-B( y )(, 

with A, B positive definite matrices depending smoothly on y, so 

£nU = {(y,t,(,T) : t 2 < C • P(yR, (C,t)^0}, 

5nW = {fe,U,r): r 2 = C • B(»)C, (C, r) ± 0}, 

HnW = {fe,U,T): r 2 >C-P(y)C, (C,r)^0}. 
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The compressed characteristic set is 

£ = 7r(Char(P)) =G(JH, 

and 

tt : Char(P) -> E 

is the restriction of tt to Char(P). Then E has the subspace topology of h T*X, and 
it can also be topologized by tt, i.e. requiring that C C E is closed (or open) if and 
only if 7r _1 (C) is closed (or open). These two topologies are equivalent, though the 
former is simpler in the present setting - e.g. it is immediate that E is mctrizablc. 
Lebeau [3] (following Melrose's original approach in the C°° boundary setting, see 
[7]) uses the latter; in extensions of the present work, to allow e.g. iterated conic 
singularities, that approach will be needed. Again, an analogous situation arises 
in A-body scattering, though that is in many respects more complicated if some 
subsystems have bound states [13, 14]. 

We are now ready to define generalized broken bicharacteristics, essentially fol- 
lowing Lebeau [3]. We say that a function / on T*X\o is 7r-invariant if f(q) = f(q') 
whenever ir(q) = n(q'). In this case / induces a function /„■ on b T X which satisfies 
/ = ./V o tt. Moreover, if / is continuous, then so is f n . Notice that if / = t*fo, 
fo S C°°( b T*A), then / e C°°(T*X) is certainly 7r-invariant. 

Definition 1.1. A generalized broken bicharacteristic of P is a continuous map 
7 : I — * E, where I C R is an interval, satisfying the following requirements: 

(i) If q = 7(i ) € G then for all 7r-invariant functions / G C°°(T*X), 

(1-1) f t (U o 7 )(t ) = H p f(q ), q = tT 1 ^). 

(ii) If q = j(to) eWfl T*F ircg then there exists e > such that 
(1.2) t€l, 0<\t-t Q \<e^ 7 (t) $ T*jr ireg . 

(iii) If go = 7(^o) G Q H T*Ti^ c ^ and ^ is a boundary hypersurface (i.e. has 
codimension 1), then in a neighborhood of t 0l 7 is a generalized broken 
bicharacteristic in the sense of Melrose- Sjostrand [4], see also [2, Defini- 
tion 24.3.7]. 

Note that for q e Q, TT~ 1 ({q }) consists of a single point, so (1.1) makes sense. 
Moreover, (iii) implies (i) if q is in a boundary hypersurface, but it is stronger at 
diffractive points, see [2, Section 24.3]. The propagation of analytic singularities, 
as in Lebeau's case, does not distinguish between gliding and diffractive points, 
hence (iii) can be dropped to define what we may call analytic generalized broken 
bicharacteristics. It is an interesting question whether in the C°° setting there are 
also analogous diffractive phenomena at higher codimension boundary faces, i.e. 
whether the following theorem can be strengthened at certain points. 

Our main result is: 

Theorem. (See Corollary 8.4.) Suppose that Pu = 0, u e H^ loc (X). Then 
WFj ,co («) C E 7 and it is a union of maximally extended generalized broken bichar- 
acteristics of P m E. 

A more precise version of this theorem, with microlocal assumptions on Pu, 
is stated in Theorem 8.1. In particular, one can allow Pu e C°°(X), which im- 
mediately implies that the theorem holds for solutions of the wave equation with 
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inhomogeneous C°° Dirichlct boundary conditions that match across the boundary 
hyperfaces, see Remark 8.2. In addition, this theorem generalizes to the wave oper- 
ator with Neumann boundary conditions, which need to be interpreted in terms of 
the quadratic form of P (i.e. the Dirichlet form). That is, if u e Hy oc (X) satisfies 

(d M u,d M v) x - (d t u,d t v) x = 

for all v € Hl(X), then WF b '°°(u) C S, and it is a union of maximally extended 
generalized broken bicharacteristics of P in S. In fact, the proof of the theorem for 
Dirichlet boundary conditions also utilizes the quadratic form of P. It is slightly 
simpler in presentation only to the extent that one has more flexibility to integrate 
by parts, etc., but in the end the proof for Neumann boundary conditions simply 
requires a slightly less conceptual (in terms of the traditions of microlocal analy- 
sis) reorganization, e.g. not using commutators [P,A] directly, but commuting A 
through the exterior derivative du and d t directly. 

It is expected that these results will generalize to iterated edge-type structures 
(under suitable hypotheses), whose simplest example is given by conic points, re- 
cently analyzed by Melrose and Wunsch [6] , extending the product cone analysis of 
Cheeger and Taylor [1]. 

To make it clear what the main theorem states, we remark that the propagation 
statement means that if u solves Pu = (with, say, Dirichlet boundary condition), 
and q € h Tg X X \ o is such that u has no singularities on bicharacteristics entering 
q (say, from the past), then we conclude that u has no singularities at q, in the 
sense that q £ WF b '°°(u), i.e. we only gain b-derivatives (or totally characteristic 
derivatives) microlocally. In particular, even if WF b '°°(u) is empty, we can only 
conclude that u is conormal to the boundary, in the precise sense that V\ . . . VkU € 
H} oc (X) for any V u ... ,V k S V h (X), and not that u e H^ oc (X) for all k. Indeed, 
the latter cannot be expected to hold, as can be seen by considering e.g. the wave 
equation (or even elliptic equations) in 2-dimensional conic sectors. 

This already illustrates that from a technical point of view a major challange is 
to combine two differential (and pseudodiffcrential) algebras: Diff(X) and Diffb(X) 
(or ^b(X)). The wave operator P lies in T)iS(X), but microlocalization needs to 
take place in ^^(X): if $(X) is the algebra of usual pseudodifferential operators on 
an extension X of X, its elements do not even act on C°°(X): see [2, Section 18.2] 
when X has a smooth boundary (and no corners). In addition, one needs an 
algebra whose elements A respect the boundary conditions, so e.g. Au\gx depends 
only on u\gx - this is exactly the origin of the algebra of totally characteristic 
pseudodifferential operators, denoted by ^b(X), in the C°° boundary setting [8]. 
The interaction of these two algebras also explains why we prove even microlocal 
elliptic regularity via the quadratic form of P (the Dirichlet form) , rather than by 
standard arguments, valid if one studies microlocal elliptic regularity for an element 
of an algebra (such as ^b(X j) with respect to the same algebra. 

The ideas of the positive commutator estimates, in particular the construction 
of the commutants, are very similar to those arising in the proof of the propagation 
of singularities in TV-body scattering in previous works of the author - the wave 
equation corresponds to the relatively simple scenario there when no proper sub- 
systems have bound states [13]. Indeed, the author has indicated many times in 
lectures that there is a close connection between these two problems, and it is a 
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pleasure to finally spell out in detail how the TV-body methods can be adapted to 
the present setting. 

The organization of the paper is as follows. In Section 2 we recall basic facts 
about ^b(X) and analyze its commutation properties with Diff(X). In Section 3 we 
describe the mapping properties of ^fb(X) on -H^pQ-based spaces. We also define 
and discuss the b-wave front set based on H 1 (X) there. The following section is 
devoted to the elliptic estimates for the wave equation. These are obtained from the 
microfocal positivity of the Dirichlct form, which implies in particular that in this 
region commutators are negligible for our purposes. In Section 5 we describe basic 
properties of bicharacteristics, mostly relying on Lebeau's work [3]. In Sections 6 
and 7, we prove propagation estimates at hyperbolic, resp. glancing, points, by 
positive commutator arguments. Similar arguments were used by Melrose and 
Sjostrand [4] for the analysis of propagation at glancing points for manifolds with 
smooth boundaries, but the use of such arguments for hyperbolic points is new 
even in the smooth boundary setting. (The usual arguments utilize parametrices 
for microfocal Cauchy problems.) In Section 8 these results are combined to prove 
our main theorems. The arguments presented there are very close to those of 
Melrose, Sjostrand and Lebeau. 

Since the changes for Neumann boundary conditions are minor, and the argu- 
ments for Dirichlct boundary conditions can be stated in a form closer to those 
found in classical microfocal analysis (essentially, in the Neumann case one has to 
pay a price for integrating by parts, so one needs to present the proofs in an appro- 
priately rearranged, and less transparent, form) the proofs in the body of the paper 
are primarily written for Dirichlet boundary conditions, and the required changes 
are pointed out at the end of the various sections. 

In addition, the hypotheses of the propagation of singularities theorem can be 
relaxed to u € H,'T, (X), m < 0, defined in Definition 3.15. Since this simply 

requires replacing the H 1 (X) norms by the H b ' m norms (which are only locally 
well defined), we suppress this point except in the statement of the final result, to 
avoid overburdening the notation. No changes are required in the argument to deal 
with this more general case. See Remark 8.3 for more details. 

To give the reader a guide as to what the real novelty is, Sections 2-3 should be 
considered as variations on a well-developed theme. While some of the features of 
microfocal analysis, especially wave front sets, is not discussed on manifolds with 
corners elsewhere, the modifications needed are essentially trivial (cf. [2, Chap- 
ter 18]). A slight novelty is using H l {X) as the point of reference for the b-wave 
front sets (rather than simply weighted L 2 spaces), which is very useful later in 
the paper, but again only demands minimal changes to standard arguments. The 
discussions of bicharacteristics in Section 5 essentially quotes Lebeau's paper [3, 
Section III]. Moreover, given the results of Sections 4, 6 and 7, the proof of prop- 
agation of singularities in Section 8 is standard, essentially due to Melrose and 
Sjostrand [5, Section 3]. Indeed, as presented by Lebeau [3, Proposition VII. 1], 
basically no changes are necessary at all in this proof. 

The novelty is thus the use of the Dirichlct form (hence the i? 1 -based wave 
front set) for the proof of both the elliptic and hyperbolic/glancing estimates, and 
the systematic used of positive commutator estimates in the hyperbolic/glancing 
regions. This approach is quite robust, hence significant extensions of the results 
can be expected, as was already indicated. 
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2. Interaction of Diff(X) with the b-calculus 

One of the main technical issues in proving our main theorem is that unless 
dX = 0, the wave operator P is not a b-diffcrcntial operator: P ^ Diff b (X). In 
this section we describe the basic properties of how Diff k (X), which includes P 
for k = 2, interacts with ^h(X). We first recall though that for p € ^i.reg, local 
coordinates in h T*X over a neighborhood of p are given by (x,y,t,a,(,r) with 
<jj = xj£j. Thus, the map l in local coordinates is (x, y, t, £, (, r) i— ► (x, y, t, x£, (, r), 
where by x£, we mean the vector . . . , 

In fact, in this section y and t play a completely analogous role, hence there is 
no need to distinguish them at all. The difference will only arise when we start 
studying the wave operator P in Section 4. Thus, we let y — (y, t) and Q — (C, t) 
here to simplify the notation. 

We briefly recall basic properties of the set of 'classical' (one-step polyhomoge- 
neous, in the sense that the full symbols are such on the fibers of h T*X) pseudo- 
differential operators \&b(X) = Um'tJ'tl) and the set of standard (conormal) 
b-pseudodiffcrential operators, ^f\, c (X) = U m ^^(X). The difference between 
these two classes is in terms of the behavior of their (full) symbols at fiber-infinity 
of h T*X: elements of ^bc{X) have full symbols that satisfy the usual symbol 
estimates, while elements of 'J'bPO have in addition an asymptotic expansion 
in terms of homogeneous functions, so ty™(X) C ^^ C (X). Conceptually, these 
are best defined via the Schwartz kernel of A € *i>™ c (X) in terms of a certain 
blow-up X b of X x X, sec [10] - the Schwartz kernel is conormal to the lift 
diag b of the diagonal of X 2 to X b with infinite order vanishing on all bound- 
ary faces of X b which are disjoint from diag b . Modulo , 3> b 00 (X), however, the 
explicit quantization map we give below describes ^^ C (X) and ty™(X). Here 
*bc°°P0 = ^b 00 ^) = n m *b™ c P0 = n ra ^(I) is the ideal of smoothing op- 
erators. The topology of ^ bc (X) is given in terms the conormal seminorms of the 
Schwartz kernel K of its elements; these seminorms can be stated in terms of the 
Besov space norms of L1L2 ■ ■ ■ L^K as k runs over non-negative integers, and the Lj 
over first order differential operators tangential to diag b , see [2, Definition 18.2.6]. 
Recall in particular that these seminorms are (locally) equivalent to the C°° semi- 
norms away from the lifted diagonal diag b . 

There is a principal symbol map a h , m : -» S m ( b T*X)/S m - 1 ( b T*X); 

here, for a vector bundle E over X, S k (E) denotes the set of symbols of order 
k on E (i.e. these are symbols in the fibers of E, smoothly varying over X). Its 
restriction to ^™(X) can be re-interpreted as a map a h . m : * b l (X) — > C°°( h T*X\o) 
with values in homogeneous functions of degree to; the range can of course also be 
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identified with C°°( h S*X) if to = (and with sections of a line bundle over h S*X 
in general). There is a short exact sequence 

— ► I^PO — ► * b "P0 — ► S m (°T*X)/S m ~ 1 (°T*X) — ► 

as usual; the last non-trivial map is <7b.m- There are also quantization maps (which 
depend on various choices) q — q m : S m ( h T*X) — > SS?™ C (X), which restrict to 
q : S'£( b T*X) -» V™(X), cl denoting classical symbols, and 

0~b,m ° Qm IS the 

quotient map S' m — > S m /S m ~ 1 . For instance, over a local coordinate chart [/ as 
above, with a supported in h T^X, K CU compact, we may take, with n = dimX, 

(2.1) 

q(a)u(x,y) 

= (2n)- n ( e 4 ^-^')-«+te- ? '')- c >(^-^)a(x,y,^,Ow(x',y')^'^'rf^C, 
J x 

understood as an oscillatory integral, where <j> g C£°((— 1/2, 1/2) fc ) is identically 1 
near and r£ —^- = ; ■ ■ ■ 7 ^^J*^ ); and the integral in x' is over [0,oo) fe . Here 

the role of is to ensure the infinite order vanishing at the boundary hypersurfaces 
of X 2 disjoint from diag b ; it is irrelevant as far as the behavior of Schwartz kernels 
near the diagonal is concerned (it is identically 1 there) . This can be extended to a 
global map via a partition of unity, as usual. Locally, for q(a), suppa C h T^X as 
above, the conormal seminorms of the Schwartz kernel of q(a) (i.e. the Besov space 
norms described above) can be bounded in terms of the symbol seminorms of a, see 
the beginning of [2, Section 18.2], and conversely. Moreover, any A g ^b c (X) with 
properly supported Schwartz kernel defines continuous linear maps A : C°°(X) — ► 
C°°(X), A : C°°(X) -» C°°(X). 

Remark 2.1. We often do not state it below, but in general most pseudodiffercn- 
tial operators have compact support in this paper. Sometimes we use properly 
supported ps.d.o's, only for not having to state precise support conditions; these 
are always composed with compactly supported ps.d.o's or applied to compactly 
supported distributions, so effectively they can be treated as compactly supported. 
See also Remark 4.1. 

With g being any C°° Riemannian metric on X, and K C X compact, any 
A g ^1 C (X) with Schwartz kernel supported in K x K defines a bounded operator 
on L 2 (X) = L 2 (X, dg), with norm bounded by a seminorm of A in &® C (X). Indeed, 
this is true for A g ^^°°(X) with compact support, as follows from the Schwartz 
lemma and the explicit description of the Schwartz kernel of A on X 2 . The standard 
square root argument then shows the boundedness for A g ^ hc (X), with norm 
bounded by a seminorm of A in S&® C (X) - see [10, Equation (2.16)]. In fact, we get 
more from the argument: letting a — ab.o(A), there exists A' g <I' b ~ 1 (X) such that 
for all v g L 2 (X), 

\\Av\\ < 2sup \a\ \\v\\ + \\A'v\\. 

(The factor 2 of course can be improved, as can the order of A'.) This estimate 
will play an important role in our propagation estimates - it will take the place 
of constructing a square root of the commutator, which would be difficult here as 
we will commute P with an element of ty\,(X), so the commutator will not lie in 
^b(X). We remark here that it is more usual to take a 'b-density' in place of dg, 
i.e. a globally non-vanishing section of fl^X = VlhX, which thus takes the form 
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(xi . . . Xk) 1 dg locally near a codimension k corner, to define an L 2 -space, namely 
Ll(X) = L 2 {X, ^^); then L 2 (X) = x~ 1/2 . . . x~ 1/2 Ll(X) appears as a weighted 
space. Elements of *° c p0 

are bounded on both L spaces, in the manner stated 
above. The two boundedness results are very closely related, for if A G ^ C (X), 
then so is AxJ x , A G C. 

There is an operator wave front set associated to *5fbc(X) as well: for A G 
V™ C (X), WF' h (A) is a conic subset of h T*X \ o, and has the interpretation that A 
is 'in ^ C °°(X)' outside WF' h (A). (We caution the reader that unlike the previous 
material, as well as the rest of the background in the next three paragraphs, WF[, is 
not discussed in [10]. This discussion, however, is standard; see e.g. [2, Section 18.1], 
esp. after Definition 18.1.25, in the boundariless case, and [2, Section 18.3] for the 
case of a C°° boundary, where one simply says that the operator is order — oo on 
certain open cones, see e.g. the proof of Theorem 18.3.27 there.) In particular, if 
WF' h (A) = 0, then A G $ b °°(I). For instance, if A = q(a), a G S m { h T*X), q as in 
(2.1), WF' h (A) is defined by the requirement that if p ^ WF^(A) then p has a conic 
neighborhood U in b T* X \ o such that A = q(a), a is rapidly decreasing in U, i.e. 
\a(x,y,a,Q\ < C N (l + \a\ + \C\)~ N for all N. Thus, WF^A) is a closed conic subset 
of h T*X \ o. Moreover, if K C h S*X is compact, and U is a neighborhood of K, 
there exists A G ^^(X) such that A is the identity on K and vanishes outside U, i.e. 
WF^(A) C U, WF(,(Id — A)nK = - we can construct a to be homogeneous degree 
zero outside a neighborhood of o, such that this homogeneous function regarded as 
a function on h S*X (and still denoted by a) satisfies a = 1 near K, suppa C U, 
and then let A = q(a). (This roughly says that ^>b(X) can be used to localize in 
S*X, i.e. to b-microlocalize.) 

^bc(X) forms a filtered *-algebra, so Aj G &™*(X), j = 1,2, implies AiA 2 G 
*™ 1+m2 (X), and A* G Kc( X ) with 

0"6,mi +7712(^1^2) = C6,mi {M)^b,m 2 (-^2), 0"6 jmj (A*) = £7(,, mj (A) . 

Here the formal adjoint is defined with respect to L 2 (X), the L 2 -space of any C°° 
Riemannian metric on X; the same statements hold with respect to L^(X) as well, 
since conjugation by x\...Xk preserves ^/™ C (X) (as well as if>™(X)), as already 
remarked for m = 0. Moreover, [Ai, A 2 ] € *™ 1+m2 - 1 (X) with 

C6, mi + m2 -i([Ai, A 2 ]) = -{ai, a 2 }, aj = a h . m] (Aj); 

{■,■} is the Poisson bracket lifted from T*X via the identification of T*X° with 
b T£ X. If g *™'{X), then A X A 2 G «F™ 1+m2 (X), A* G f^ 1 )- and [^1.^2] G 
^f™ 1+m2_ (X). In addition, operator composition satisfies 

WF;(AiA 2 ) c WF(,(Ai) n WF(,(A 2 ). 

If A G \I/^(A) is elliptic, i.e. (Tb,m(A) is invertible as a symbol (with inverse 
in S- m ( h T*X \ o)/S- m - 1 ( h T*X \ o)), then there is a parametrix G G 
for A, i.e. GA — Id, AG — Id G This construction microlocalizcs, so if 

Cfc. m (A) is elliptic at q G b T*X \ o, i.e. <7(, lTO (A) is invertible as a symbol in an 
open cone around q, then there is a microfocal parametrix G G $>^™(X) for A at 
q, so q £ WF' h {GA -Id), q ^ WF' h (AG - Id), so GA, AG arc microlocally the 
identity operator near q. More generally, if K C b S*X is compact, and (T(, iTO (A) 
is elliptic on if then there is G G ^"PO such that K n WF^(GA - Id) = 0, 
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KriWF' h (AG-Id) = 0. For A E ^(X), vb,m{A) can be regarded as a homogeneous 
degree m function on h T*X\o 1 and ellipticity at q means that (Jb,m{A){q) ^ 0. For 
such A, one can take G E $!^ m (X) in all the cases described above. 

The other important ingredient, which however rarely appears in the following 
discussion, although when it appears it is crucial, is the notion of the indicial 
operator. This captures the mapping properties of A E ^^(X) in terms of gaining 
any decay at dX. It plays a role here as P ^ Diffb(X), so even if we do not 
expect to gain any decay for solutions u of Pu = say, we need to understand 
the commutation properties of Diffb(-X') with ^\,{X), which will in turn follow 
from properties of the indicial operator. There is an indicial operator map (which 
can also be considered as a non-commutative analogue of the principal symbol), 
denoted by JVj, for each boundary face Ti, i E /, and Ni maps ty™ c (X) to a 
family of b-pscudodiffcrcntial operators on Ti- For us, only the indicial operators 
associated to boundary hypersurfaces Hj will be important; in this case the family 
is parameterized by Oj , the b-dual variable of Xj . It is characterized by the property 
that if / E C°°(Hj) and u E C°°{X) is any extension of /, i.e. = /, then 

N j (A)(a j )f = (xJ i ^Axpu)\ Hj , 

where Xj i(Tj Axf 3 £ tf&PO, hence xJ^'Axf'u E C°°(X), and the right hand 
side does not depend on the choice of u. (In this formulation, we need to fix xj, 
at least mod XjC°°(X), to fix Nj(A). Note that the radial vector field, XjD Xjl is 
independent of this choice of Xj, at least modulo XjVb(X).) If A £ $!™ C (X) and 
Ni(A) = 0, then in fact A E Cf.{X) ^™ C {X), where Cf.{X) is the ideal of C°°(X) 
consisting of functions that vanish at Ti- In particular, for a boundary hypersurface 
Hj defined by Xj , if A £ &™ C (X) and Nj(A) = 0, then A = Xj A' with A' £ V™ C (X). 
The indicial operators satisfy Ni(AB) — Ni(A)Ni(B). The indicial family of XjD Xj 
at Hj is multiplication by <jj, while the indicial family of x^D Xkl k ^ j, is XkD Xk 
and that of D Vk is Dy k . In particular, Nj ( [x j D Xj , A] ) = [Nj(xjD Xj ), Nj(A)] = 0, 
so 

(2.2) [xjD Xj ,A]£Xj^ c (X), 

which plays a role below. All of the above statements also hold with ^bc(X) 
replaced by ^^(X). 

The key point in analyzing smooth vector fields on X, and thereby differential 
operators such as P is that while D Xj £ Vb(X), for any A £ *™(X) there is an 
operator A £ &™(X) sucn that 

(2.3) D Xj A-AD Xj eH>Z(X), 
and analogously for V™(X) replaced by Vg c (X). Indeed, 

D X ^A = X j {xjD x ^)A = X j [x j D X j , A] ~\~Xj AxjD X j. 
By (2.2), applied for ^b rather than ^bc, 

xJ 1 [x j D Xj ,A]£^(X). 
Thus, we may take A = xJ 1 Axj, proving (2.3). We also have, more trivially, that 

(2.4) D Vj A - AD V] E ~ A e *b (*)> ^ m {A) = a b , m (A). 
Since ab,m{A) = ab,m(xJ 1 Axj), we deduce the following lemma. 
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Lemma 2.2. Suppose V £ V{X), A £ V™(X). Then [V, A] = Y, A 3 V 3 + B with 
A, £ ^-\X), Vj £ V{X), B £ V?(X). 

Similarly, [V, A] = T, V j A 'j+ B ' mth A 'j e ^~\X), V 3 £ V{X), B' £ ^(X). 

Analogous results hold with ty^X) replaced by ^b c (X). 

Proof. It suffices to prove this for the coordinate vector fields, and indeed just for 
the D Xj . Then with the notation of (2.3), 

D Xj A - AD X] ={A- A)D Xj + B, 

and a b ^ m (A) = a b ^ n (A), soi-Ae vj/™" 1 ^), proving the claim. □ 

More generally, we make the definition: 

Definition 2.3. Diff /c ^^(X) is the vector space of operators of the form 

(2.5) ]T PjAj, Pj £ BiS k (X), Aj £ H/' b (X), 

3 

where the sum is locally finite in X. 

Remark 2.4. Since any point q £ h T*X \ o has a conic neighborhood U in h T*X \ o 
on which a vector field V £ Vb(X) is elliptic, i.e. <Jb,i{V) ^ on U, we can always 
write Aj £ ^ s h +k ~ kj (X) with WF' h (A) C U, k 3 < k, as A 3 = Q 3 A' } + R 3 with 

Qj £ Diff^ 3 (X), A'j £ $l(X), R 3 £ *b °°(X). Thus, any operator which is given 
by a locally finite sum of the form 

Y.l',y, Pi e Diff fe '(X), A 3 £ * s h +k - k *(X), 

3 

can in fact be written in the form (2.5). 

Lemma 2.5. Diff* ^l(X) is filtered algebra with respect to operator composition, 
with B 3 £ Diff fe3 ^(X), j = 1,2, implying B X B 2 £ Diff fcl+fc2 $ s b 1+S2 (X). More- 
over, with Bi , B 2 as above, 

[B U B 2 ] £ Diff fel+fe2 % 1+S2 - 1 {X). 

Proof. To prove that Diff* ^* h (X) is an algebra, we only need to prove that if 
A £ *b(X), P £ D\S k (X), then AP £ BiS k (X)^ s h (X). Writing P as a sum of 
products of vector fields in V(X), the claim follows from Lemma 2.2. 

Writing B 3 = V 3t \ . . . V jikl Aj, A 3 £ $! s h j (X), V 3 j £ V(X), and expanding the 
commutator [Bi,B 2 ], one gets a finite sum, each of which is a product of the 
factors V 3t i, . . .Vj^n A 3 with two factors (one with j = 1 and one with j = 2) 
removed and replaced by a commutator. In view of the first part of the lemma, it 
suffices to note that 

[Vi,i,V 2 ,i>} £ V(X), THE kl+k »- 1 i&g + '*(X) C Diff fcl+fc2 y s h 1+S2 -\X), 

[Ai,A 2 ] £ ^ +S2 ~\X) 

[v hl ,A^ 3 ]£vm 1 ^-\x) 1 

where the last statement is a consequence of Lemma 2.2, taking into account that 
*™(X) C Diff 1 *™- 1 ^). □ 
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Although it is possible to define the principal symbol on Diff fe ^^(X), for tech- 
nical reasons we will not use this in the proofs. Still, the behavior of the principal 
symbol motivates the positive commutator constructions at QUTi, so we proceed to 
define it here. Thus, using i : T*X — > b T*A, we can pull pack a biS (A), A e 
to T*X, and define: 

Definition 2.6. Suppose B = J2 P ] A ] e BiS k ^l(X), P 3 e Diff fe (A), A 3 e 
^(X). The principal symbol of B is the C°° homogeneous degree k + s function 
on T*X \ o defined by 

(2.6) <J k+s (B) = Y J °k{P j y<JbA A j)- 
Lemma 2.7. <7k+s(B) is independent of all choices. 

Proof. Away from dX, B is a pseudodiffcrential operator of order k+s, and o~k+ s {B) 
is its invariantly defined symbol. Since the right hand side of (2.6) is continuous up 
to dX, and is independent of all choices in T*X°, it is independent of all choices 
in T*X. □ 

We are now ready to compute the principal symbol of the commutator of A e 
V™(X) with D Xj . 

Lemma 2.8. Let d Xj , d aj denote local coordinate vector fields on b T*X in the 
coordinates (x,y,a,Q. For A G *™(A) with Schwartz kernel supported in the 
coordinate patch, a = ab. m (A) e C°°( b T*X \ o), we have [D Xj , A] = A\D Xj + A <E 
Diff 1 ^\X) with A Q e *?(X), A x e tf^PO and 

(2.7) a b , m -i(Ai) = \d aj a, a b ^ m (A ) = \d Xj a. 

This result also holds with ^ b (X) replaced by ^ bc (X) everywhere. 

Remark 2.9. Notice that c m ([D Xj , A]) — i{£j,L*a} = jd Xj \^, {.,.} denoting the 
Poisson bracket on T*X and d Xj | j denoting the appropriate coordinate vector field 
on T*X, i.e. where £ is held fixed (rather than a), since both sides are continuous 
functions on T*X \ o which agree on T*X° \o. A simple calculation shows that 
the lemma is consistent with this result. The statement of the lemma would follow 
from this observation if we showed that the kernel of a m on Diff 1 'J™ -1 (A) is 
Diff 1 i&™~ 2 (X) - the proof given below avoids this point by reducing the calculation 
to * b (X). 

Proof. The lemma follows from 

D Xj A - AD Xj = x-J 1 [x j D X] , A] + xj 1 [A, Xj ]D Xj . 

Indeed, letting 

(2.8) A = xj\xjD Xj ,A] € M = xJ x [A, Xj ] € K~\ x l 

the principal symbols can be calculated in the b-calculus. Since they are given by 
the standard Poisson bracket in T*X°, hence in °T^ X, by continuity the same 
calculation gives a valid result in h T*X. As = Xjd r7j , d Xj \% = d Xj \ a + £jd aj , we 
see that for b = a 3 - or b = xj, the Poisson bracket {b, a} is given by 

Xj(d aj b)(d Xj | (j a + ijd aj a) - x J {d rTj a)(d Xj \ a b + (,jd aj b) 

= xj (d aj b)d x . \ a a- Xj {d aj a)d Xj \ a b 
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so we get 

{a a} = Xjd Xj \ a a, {xj,a} = -xjd^a, 
so (2.7) follows from (2.8). □ 

3. Function spaces and microlocalization 

We now turn to action of \&b(A) on function spaces related to differential opera- 
tors in Diff (A), and in particular iJ 1 (X) which corresponds to first order differential 
operators, such as the exterior derivative d. We first recall that C£°(A) is the space 
of C°° functions of compact support on A (which may thus be non-zero at <9A), 
while C^°(A) is the subspace of C£°(A) consisting of functions which vanish to 
infinite order at dX. Although we will mostly consider local results, and any C°° 
Riemannian metric can be used to define Lf oc (X), L 2 (X) (as different choices give 
the same space), it is convenient to fix a global Ricmmanian metric, g — g + dt 2 , 
on X, where g is the metric on M. With this choice, L 2 (X) is well-defined as a 
Hilbert space. For u e C™(X), we let 

\\ u \\m(x) = \\ du \\h(x) + \\ u \\h(x)- 

We then let H 1 (X) be the completion of C£°(X) with respect to the H 1 (X) norm. 
Then we define H$(X) as the closure of C C °°(A) inside H l {X). 

Remark 3.1. We recall alternative viewpoints of these Sobolev spaces. Good ref- 
erences for the C°° boundary case (and no corners) include [2, Appendix B.2] and 
[12, Section 4.4]; only minor modifications are needed to deal with the corners for 
the special cases we discuss below. 

We can define H 1 (X°) as the subspace of L 2 (X) consisting of functions u such 
that du, defined as the distributional derivative of u in X° , lying in L 2 (X,A 1 X); 
we then equip it with the above norm - this is locally equivalent to saying that 
Vu e L 2 oc (X) for all C°° vector fields V on A, where Vu refers to the distributional 
derivative of u on A . 

In fact, H 1 ^ ) = ^(X), since iJ^A ) is complete with respect to the H 1 
norm and C£°(A) is easily seen to be dense in it. For instance, locally, if A is given 
by Xj > 0, j = 1, . . . , k, and u is supported in such a coordinate chart, one can take 
u 3 (x, y) = u(x\+s, . . . ,Xk+s,y) for s > 0, and see that u s \x — > u in H^(X°). Then 
a standard regularization argument on R™, n — dim A, gives the claimed density 
of C C °°(A) in Hl{X°). Thus, H X (X°) = H X {X) indeed, which shows in particular 
that i? x (A) C L 2 (X). (Note that ||u||i,2(x) < ||w||ir 1 (jf) only guarantees that there 
is a continuous 'inclusion' H 1 (X) ^> L 2 (X), not that it is injective, although that 
can be proved easily by a direct argument, cf. the Fricdrichs extension method for 
operators, see e.g. [11, Theorem X.23].) 

If A is a manifold without boundary, and A is embedded into it, one can also 
extend elements of H 1 (X) to elements H\ oc (X) exactly as in the C°° boundary 
case (or simply locally extending in x\ first, then in X2, etc., and using the C°° 
boundary result), see [12, Section 4.4] . Thus, with the notation of [2, Appendix B.2] , 
Hl oc {X) = Hl oc (X°). As is clear from the completion definition, Hq 1oc (X) can be 

identified with the subset of H^ oc (X) consisting of functions supported in A. Thus, 
#o,ioc(A~) = H^ C (X) with the notation of [2, Appendix B.2]. 

All of the above discussion can be easily modified for H m in place of H 1 , m > 
an integer. 
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We are now ready to state the action on Sobolev spaces. These results would be 
valid, with similar proofs, if we replace H 1 (X) by H m (X), to > integer. We also 
refer to [2, Theorem 18.3.13] for further extensions when X has a C°° boundary 
(and no corners). 

Lemma 3.2. Any A £ ^ bc (X) with compact support defines a continuous linear 
maps A : ^(X) — > H 1 (X), A : H^(X) — > ffJ(X), with norms bounded by a 
seminorm of A in ^> bc (X). 

Moreover, for any K C X compact, any A £ *° C (A) with proper support de- 
fines a continuous map from the subspace of H 1 (X) (resp. Hq(X)) consisting of 
distributions supported in K to H^(X) (resp. Hq c (X)). 

Remark 3.3. Note that all smooth vector fields V of compact support define a con- 
tinuous operator H 1 (X) — > L 2 (X), so in particular V £ Vb{X) do so. Now, any 
A £ *b c (X) can be written as XXA^OA, + T, D yj A j + A " with A^A'^A" £ 
^® C (X) by writing at,,i(A) = J2 a j a j + XXj a j; an d taking Aj,A'- with princi- 
pal symbol aj,a'j. Therefore the lemma implies that any A £ ^ hc (X) defines a 
continuous linear operator H 1 (X) — > L 2 (X), and in particular restricts to a map 
Hl{X)^L\X). 

Proof. For A £ *° hc (X), by (2.3) D Xj Au = AD Xj u + Bu, with A £ < C (X), 
B £ ty^ciX) the seminorms of both in ^ C (X) bounded by seminorms of A in 
*° C (X), so by the first half of the proof 

\\D Xj Au\\ L 2 (x) < \\A\\ B(L 2 (x ^ L 2 (x)) \\D X:j u\\ L 2 {x) + \\B\\ mL 2 {xhL 2 {x)) \\u\\ L 2 {x) . 

Since there is an analogous formula for D Xj replaced by Dy^ we deduce that for 
some C > 0, depending only on a seminorm of A in ty® c (X), 

\\d x Au\\ L 2 {x) < C(\\d x u\\ L 2 {x) + ||u|| L 2( X) ). 

Thus, A £ ^> bc (X) extends to a continuous linear map from the completion 
of C^°(X) with respect to the H 1 (X) norm to itself, i.e. from H^{X) to itself as 
claimed. As it maps C C °°(A) -> C%°(X), it also maps the fl^-closure of C°°(A) to 
itself, i.e. it defines a continuous linear map Hq(X) — > Hq(X), finishing the proof 
of the first half of the lemma. 

For the second half, we only need to note that Au = A<pu if (f> = 1 near K and 
has compact support; now A(f> has compact support so the first half of the lemma 
is applicable. □ 

Note that H l (X) C L 2 (X) C C-°°(X), with C-°°(X) denoting the dual space 
of C%°(X), i.e. the space of extendible distributions. Since for any to, A £ if>™ c (X) 
maps C~°°(X) — > C~°°(X), we could view A already defined as a map H 1 (X) — > 
C~°°(X); then the above lemma is a continuity result for m = 0. 

We let tf-^X) be the dual of flJ(X) and fl-^X) be the dual of H\X), with 
respect to an extension of the sesquilinear form (u, v) — J x uvdg, i.e. the L 2 inner 
product. As Hq(X) is a closed subspace of H 1 (X), H^ 1 (X) is the quotient of 
H~ 1 (X) by the annihilator of Hq(X). In terms of the identification of the H 1 
spaces in the penultimate paragraph of Remark 3.1, H^(X) = H^(X°) in the 
notation of [2, Appendix B.2], i.e. its elements are the restrictions to X° of elements 
of H^l(X). Analogously, H^ C (X) consists of those elements of H^ C (X) which are 
supported in X. 
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Any V g DifF 1 (X) of compact support defines a continuous map L 2 (X) — ► 
H^ 1 (X) via (Vu,u) = (u, for u g L 2 (X), v g PqPO; this is the same map 
as induced by extending V to an element V" of Diff 1 (A > ), extending u to X, say as 

0, and letting Vu = Vu\x°- Thus, any P g Diff 2 (X) of compact support defines 
continuous maps — > P _1 (X), and in particular Hq(X) — » P _1 (X), since we 
can write P = £ Vj-W,- with V}, g Diff 1 ^). Similarly, any P g Diff 2 (X) defines 
continuous maps P loc (X) — > H^ c (X), and in particular Pq 1oc (X) — + Pj~*(X). 
Thus, for P = A § + 1, = (u, Pw) if u g P^PQ and v g P 1 ^). 
Similarly, for P ~ D 2 — A g , (D t u, D t v) — {cImu, c?mw) = (Wj Pw), if u S Hq(X) and 
v; g //'(X). 

We also remark that as P 1 (X) and Hq(X) are Hilbert spaces, their duals are 
naturally identified with themselves via the inner product. Thus, if / is a continuous 
linear functional on Hq(X), then there is a v g Po(X) such that /(u) = + 
(du,dv). Thus, regarding Hq(X) as a subspace of P 1 (X), for an extension X of 
X, as in Remark 3.1, we deduce that f(u) — (u, (A§ + so the identification 
of H~ 1 (X) with Hq(X) (regarded as its own dual) is given by Hq(X) 3 v i— > 

Since \I/ bc (X) is closed under taking adjoints, the following result is an immediate 
consequence of Lemma 3.2. 

Corollary 3.4. Any A g ^ bc (X) with compact support defines a continuous linear 
maps A : H~ l {X) -> H ^( x ), A ■ P _1 P0 -> H'^X), with norm bounded by a 
seminorm of A in ^\ C {X). 

We now define subspaces of H 1 (X) which possess additional regularity with 
respect to ^b(X). 

Definition 3.5. For m > 0, we define P^'™(A) as the subspace of H 1 (X) con- 
sisting of u g H 1 (X) with suppw compact and Au g P 1 (X) for some (hence any, 
as shown below) A G ^™(X) (with compact support) which is elliptic over suppu, 

1. e. A such that such that o-b im (A)(q) ^ for any q g b T* upptl X \ o. 

We let Hl\™ c (X) be the subspace of P loc (X) consisting of u g Pj^pf) such that 
for any <f> g C~pQ, </>u g H^{X). 

We also let Hl'™ c (X) = H^(X) n P^PO, and similarly for the local space 

^locW- 

Remark 3.6. The definition is independent of the choice of A, as can be seen by 
taking a parametrix G € ^ m (X) for A in a neighborhood of suppu, so GA — Id = 
P g #°P0, and WF b (P)n b T* upptl X\o = 0. Indeed, let p g C C °°P0 be identically 
1 near suppu, WF b (P) n h T* uppp X = 0. Then any A' with the properties of A 
can be written as A' = A'GA - A'Ep - A'E(1 - p), A'G,A'Ep g fg(X), while 
(1 - p)u = 0, so by Lemma 3.2, A'u g P 1 ^) provided that u, g P X (X). 

It is useful to note that if Au g P X (A) and u g PqPQ, then in fact Am g PqPQ: 

Lemma 3.7. Suppose that u g P^PQ, A g V™(X) and Au g P x pf). ™en 
Aug P^psT). 

Proof. Suppose that u g P^PO, A g *™(X) and Am g P 1 ^). Let A r , r g (0, 1], 
be a uniformly bounded family in * bc p0 witn A r € * b °°(A) for r > 0, A r —> Id 
in %(X), e > 0, as r -> 0. 
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Then, for r > 0, A r A g * b °°(X), so u g H$(X) implies that A r Au g H$(X) b y 
Lemma 3.2. As Au g H 1 {X), and A r is uniformly bounded as a family of operators 
on H 1 (X), we deduce that A r Au is uniformly bounded in H 1 (X). Thus, there is a 
weakly convergent sequence A Tj Au, with rj — > 0, in Hq(X), as the latter is a closed 
subspacc of H 1 (X); let v be the limit. But A r Au — > Am in C~°°(X) as r — > 0, since 
A r A -» A in <H™ +e (X). As A rj Am -» v in C-°°(X) as well, Am = v g H%(X) as 
claimed. □ 

The following wave front set microlocalizes H^'™ (X). 

Definition 3.8. Suppose u G H^X), m > 0. We say that q g b T*A\ o is not in 
WF b ' m (u) if there exists A g such that a h , m (A)(q) ^ and Am g H^X). 

For m = co, we say that q g b T*X \ o is not in WF b ' m (u) if there exists 
A g such that a b . (A)(q) ^ and LAu g ^(X) for all L g Diff b (X), i.e. 

if Au g Hl'°°(X). 

We note that, by the preceeding lemma, if u e #oi oc (^0 then Au g i?g loc (X), 
etc. (here A g \I> b l (X)). Moreover, in the m infinite case we may equally allow 
L g ^b(X)j and we can also rewrite the finite m definition analogously, i.e. to 
state that there exists A g ^l(X) such that a bfi (A)(q) ^ and LAm g ^(X) 
for all L g - this follows immediately from the next lemma. Although 

we do not need this here, so we do not comment on it any more, we could also 
allow A g "$>™ C (X) in the definition, provided we replace a b ^ m (A)(q) ^ by the 
assumption that A is elliptic at q - this follows from the next results. 

The following lemma shows that the action of elements of ^b(X) is indeed mi- 
crofocal. 

Lemma 3.9. Suppose that u g H^X), B g ^ k bc {X). Then WFj' m ^(B«) C 
WF^ m (ii)nWF'j(B). 

Proof. We assume that m is finite; the proof for m infinite is similar. 

Suppose q £ WF h (B). As WF h (B) is closed, there is a neighborhood U of q such 
that UDWF' h (B) = 0. Let A g ^~ k {X) satisfy WF b (A) C U, o- biTn _ k (A)(q) ^ 0. 
Then AB g * b °°(A) C *°(X), so ABu g ff 1 ^) by Lemma 3.2. Thus, q <£ 
WF b m ~ k (Bu) by definition of the wave front set. 

On the other hand, suppose that q £ WF b ' m (u). Then there is some A g 
V™{X) such that Au g ^(X) and a 6 , m (A)(g) ^ 0. Let G g Vt^X) be a 
microfocal parametrix for A, so GA = Id+E with £ g *°(X), q <£ WF' b (E). 
Let C g tf™- fc (X) be such that WF b (C) n WF;(£) = and cr 6 ,m-fe(C)(q) 7^ 0. 
Then CBE g * b °°(X), so CBEu g if^X) by Lemma 3.2. On the other hand, 
CBG g *£ C (X) and Am g H^X), so GSGAm g H^X) also by Lemma 3.2. We 
thus deduce that CBu = CBGAu - CBEu g H\X), so g £ WF^ ra ^(«). □ 

We will need a quantitative version of this lemma giving actual estimates, but 
first we state the precise sense in which this wave front set provides a refined version 
of the conormality of u. 

Lemma 3.10. Suppose u g Hl oc {X), m>0,peX. If b S*X n WFj' ra (ti) = 0, 
then in a neighborhood of p, u lies in Hl' m (X), i.e. there is <f> g C^°(X) with 0=1 
near p such that <pu g Hl' m {X). 
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Proof. We assume that m is finite; the proof for m infinite is similar. 

For each q G h S*X there is A q G i&™(X) such that ab, m (A q )(q) ^ and A q u G 
Let t/g be the set on which (Tb,m{A g ) ^ 0; then U q is an open set containing 
q. Thus, {U q : q G b 5*X} is an open cover of the compact set h S*X. Let 
U qj , j — 1, ... , r be a finite subcover. Then j4 = ^-AJ.-Agj is elliptic on b S*X 
since o~b,2m(Ao) = X) lo'b.mC'^)! 2 ) with each summand non-negative, and at any 
q G h S*X at least one term is nonzero (namely one for which q G U qj ). Finally, we 
renormalize Aq to make its order the same as that of A: this is achieved by taking 
any Q G * b m (A) which is elliptic on h S*X, and letting A = QA a G &™(X). 
Thus, A is elliptic on °S*X, and Au G H 1 (X) as this holds for each summand 
(QA* q .){A qj u), for QA*. G * b (X) and ^ u e ffl PO- Hcre we used Lemma 3.2. 

Let G G \I/ b m (X) be a microlocal parametrix for A, so GA = Id+E and 
WF b (£) n b S*;X = 0. Thus, p has a neighborhood O in I such that WF' h (E) n 
b 55^ = 0- Let G C£°(X) be supported in O, identically 1 near p, and let 
T G *£(X) be elliptic on b 5 s * upp0 X. Then 1>m = T<f>GAu - T<i>Eu. Since 
WFb(£) n WF b (0) = 0, we see that Tcf>E G * b °°(X), and thus the last term 
is in H 1 (X) by Lemma 3.2. On the other hand, the first term is in H 1 (X) since 
Au G H^X) and T(f>G G ^°{X). Thus, 0m G Hl' m {X) as claimed. □ 

Corollary 3.11. If u G tf/ oc (X) and WF 1 fc ' m (u) = 7 tfien u G Hl'™ c (X). 

In particular, if u G Hl oc (X) and WF b ' m (u) = /or aZZ m 7 £/ien u G H b '^ c (X), 
i.e. u is conormal in the sense that Au G H] oc {X) for all A G Difff,(A) (or indeed 
Ae^ b (X)). 

For the quantitative version of Lemma 3.9 we need a notion of the operator wave 
front set that is uniform in a family of operators: 

Definition 3.12. Suppose that B is a bounded subset of \I> bc (X), and q G b S*X. 
We say that q ^ WF b (£?) if there is some A G ^b(X) which is elliptic at q such 
that {AB : B G B} is a bounded subset of * b °°(X). 

Note that the wave front set of a family B is only defined for bounded families. 
It can be described directly in terms of quantization of (full) symbols, much like the 
operator wave front set of a single operator. All standard properties of the operator 
wave front set also hold for a family; e.g. if E G tf b P0 with WF b (£)nWF b (B) = 
then {BE : B G B} is bounded in <J b 00 (X). 

A quantitative version of Lemma 3.9 is the following result. 

Lemma 3.13. Suppose that K C b S*X is compact, and U a neighborhood of K 
in b S*X. Let K C X compact, and U is a neighborhood of K in X with compact 
closure. Let Q G ^ b (X) be elliptic on K with WF' b (Q) C U, with Schwartz kernel 
supported in K x K . Let B be a bounded subset of ^>\ C (X) with WF' b (Z?) C K and 
Schwartz kernel supported in K x K . Then there is a constant C > such that for 

BeB,ue Hf oc (x) with WF^u) n U = $, 

\\Bu\\ m(x) < C(\\u\\ H1(0) + \\Qu\\ H i {x) )- 

Proof. Let G C^°(U) be identically 1 near K. We may replace u by (f>u in the 
estimate since Bcf) — B, Q<p — Q; then ||<M||#i(£/) = \\<j)u\\ H i(x). 
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By Lemma 3.9 and Lemma 3.10, all terms in the estimate are finite, since e.g. 
WF' h (Q) n Wl£ fc (u) = so Wl£°(u) = 0, so Qu e H^X) = H^X), and 
indeed Qu G H^(X), as the Schwartz kernel of Q has compact support. 

Let G be a microlocal parametrix for Q, so GQ = Id+E with £ G & b (X), 
WF' h (E) n if = 0. Thus, Bit = BGQu - BEu. Now, SB e since 
WF^(£) n if = and WF^(B) C K, and it lies in a bounded subset of * b °°(X) 
for B E B. Thus, ||B£?u||jyi(x) < Ci||u||#i(x) by Lemma 3.2. On the other hand, 
BG e and indeed in a bounded subset of *b c (X) for B G B, so Lemma 3.2 

also gives that for some G2 > (independent of B G B), ||-BGQu||ifi(x) < 
C2||Qu||jti(x)- Combining these proves the lemma. □ 

We can similarly microlocalize H^ C (X): 

Definition 3.14. Suppose u G m > 0. We say that q G b T*X \ o 

is not in WF^ 1,m (u) if there exists A G *™P0 such that £r 6)Tn (A)(g) 7^ and 

Then the analogues of Lemma 3.9-3.13 remain valid with H 1 (X) replaced by 
H~ 1 (X) and WF^'' replaced by WF^" ' , with analogous proofs using Corollary 3.4 
in place of Lemma 3.2. 

These results can be extended in another way, by considering Sobolev spaces 
with a negative order of regularity relative to H (X). 

Definition 3.15. Let k be an integer, m < 0, and A G ^ b m (X) be elliptic on 
h S*X with proper support. We let H*'™(X) be the space of all u G C-°°(X) of 
the form u = u\ + Au 2 with u\,u 2 G H k (X). We let 

\\ u \\H^ m (X) = mI {ll u lH-H" fc (A) + \\ u 2\\H k (X) ■ U = Ui+ Au 2 }. 

We also let H*'™ c (X) be the space of all u G C-°°{X) such that <fm G H^(X) 
for all $ G C c °°P0- 

We also define h£'™(X) and H*'™ c (X) analogously, replacing H k (X) by # fc (X) 
throughout the above discussion. Here, for k > 0, H k (X) stands for H k (X), see 
Remark 3.1, so we also write h£'™(X) = H^™ c (X) for k > 0. 

Remark 3.16. In this paper we are only concerned with the cases k = ±1. There 
is no difference between these two cases for the ensuing discussion, except for the 
boundary values considered in the next paragraph. For the sake of definiteness, 
we will use k = 1 throughout the discussion. We will also not consider H k (X) 
explicitly for most of the discussion; there is no difference for the treatment of 
these spaces either. 

We also remark that we can talk about the boundary values of u G H^™(X) at 
boundary hypersurfaces Hj for m < 0, although we do not need this here. One way 
to do this is to define, for u = u\ + Au 2 , u\h } — Ui\h } + AT,- (A)(0)(ti2 1^ ) , regarded 
e.g. as an element oiC-°°(Hj) (note that Nj (A)(0) : C~°°(i^) -» C-°°(Hj)), and 
this is independent of the choices of u\, u 2 and A. Of course, for u G H b '™ (X), 
in the sense just sketched, u\h = for all j. It is straightforward to see that for 
u G H h '™ with u\jij = for all j, there exist u\, u 2 G Hq c (X) with u = Ui + Au 2 , 

soueHl : ™(X). ' 

We also remark that Lemma 3.7 still holds if one only assumes u G H^'™ c (X). 
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First note that given any K C X compact there is another K' C X compact 
such that u G H h '™(X) with suppu C K can be written as u = u x + Au 2 with 
ui,u 2 G Hl(X) both supported in K' . Indeed, let <p G C^°(X) be identically 1 on 
a neighborhood of K, and let G G be a properly supported parametrix for 

A, so AG = Id+_E, E G E also properly supported. By definition, if 

u G H h '™(X) then there are u' x ,v! 2 G H\{X) with u = u[ + Au 2 , and as <j) = 1 on 
a neighborhood of suppu, 4>u = u. Thus, 

u = 4>u — (\>v! x — E<j)Au' 2 + AG<pAu 2 = u\ + u 2 , 
ui = (f)u[ — EtfiAu' 2l u 2 — G(f)Au' 2 , 

so Ul,U 2 G Hl{X) as E<j)A, G4>A G <(X), and supp?ij, j = 1,2, is bounded in 
terms of supp 0, supp E and supp G. Namely, 

suppuj C K' , 

K' = supp0 U 7Tl(supp_E n 7r i? 1 (supp0)) U ^(suppG n ir^ 1 (supp </>)), 

where ttl, ttr : X x X — > X are the projections to the left and right factors; if' is 
compact as E and G are properly supported, so suppi? n n^ 1 (supp (f>), suppG fl 
7r^ 1 (supp0) are compact. Note also that, by Lemma 3.2, ||wi||ffi(x) + || M 2||_ffi(x) < 
CGI^'iUff^A) + ll^llffMx))- Since this holds for any u[, u' 2 with u = u[ + Au' 2l we 
deduce that with this K\ if we restrict supply C K', and take inf just over these 
uj, we get an equivalent norm on the subspace of H^(X) consisting of elements 
supported in K. 

In fact, as supp G, supp E can be made to lie in any neighborhood of the diagonal 
in X x X, and supp <p can be made to lie in any neighborhood of K, this argument 
shows that given any K compact and any U open with K C U, suppuj may be 
assumed to lie in K' = U, with the resulting norm equivalent to the Hl{X) norm 
of the definition (with the equivalence constant of course depending on U\). 

Moreover, Definition 3.15 is independent of the choice of A. Indeed, if A' G 
$^ m (X) is elliptic and has proper support, then it has a parametrix G' G ^™(X) 
with E' = A'G' - Id G ^°°(X), all with proper support. Then u = Ui + Au 2 = 
Ul -E'Au 2 + A'G'Au 2 , and u[ = u x -E'Au 2 G H\{X) since E'A G ^°°(X), and 
u' 2 = G'Au 2 G Hl(X) since G'A G Moreover, if we fix K C X compact, 

then for u with suppu C K, the norms are equivalent for different 

choices of A - this follows from Lemma 3.2 and the preceeding remark that we may 
take the support of m, u 2 lie in a compact set depending on K only. 

Note also that for F G ty™ c (X) with compactly supported Schwartz kernel, 
F : Hl'"\X) -> H 1 (X) is continuous. Indeed, Fu = F Ul + FAu 2 G H*(X) 
by Lemma 3.2 since F, FA G \I> bc (X) and Ui,u 2 G H^(X), and this also gives a 
bound for \\Fu\\ H i( X ) in terms of and a seminorm of F in &™ C (X). In 

particular, *f>^°°(X) maps H^'™(X) — > H 1 (X), and indeed into the conormal space 

Since any A G defines a map A : C-°°(X) -» C-°°(X), our definition of 

the wave front set makes sense for m < as well; it is independent of s if we take 
u G H^(X) since the action of H!\>(X) is well-defined on the larger space C~°°(X) 
already. 
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Definition 3.17. Suppose u G H^(X) for some s < 0, and suppose that m G M. 
We say that g G b T*X \ o is not in WF^'fu) if there exists A G such that 

<T6,mU)(g) 7^ and e i^PO- 

For m = oo, we say that g G by*j^ \ j s no t in WF^' m (u) if there exists 
A € such that a b . (A)(q) ^ and LAu G i^PO for all L G Diff b (X), i.e. 

if Auei/^fl). 

Again, the analogues of Lemma 3.9-3.13 remain valid with replaced by 

H h ' a c (X) for some s, and m allowed to be negative in WF b ' m (w). In particular, 
Lemma 3.13 takes the form: 

Lemma 3.18. Suppose that K C b S*X is compact, and U a neighborhood of K 
in b S*X. Let K C X compact, and U is a neighborhood of K in X with compact 
closure. LetQe V k b (X) be elliptic on K with WF' b (Q) C U , with Schwartz kernel 
supported in K x K . Let B be a bounded subset of ^>\ C (X) with WF' 6 (B) C K and 
Schwartz kernel supported in K x K. Then for any s < there is a constant C > 
such that for B eB,ue H\'J oc {X) with WF^(m) n U = $, 

\\Bu\\ m(X ) < C(\\u\\ H i,s ((j) + \\Qu\\ H i (x) ), 

where \\u\\ H i,e^ stands for \\<t>u\\ h^' (x) for some fixed <j> G C%°(X) with supp0 C 
U , 0=1 on a neighborhood of K. 

Finally, connecting H*'™JX) for k = ±1, we remark that any P G Diff^(X) 
defines a continuous linear map P : H^'™ C (X) — > H^\^(X), as discussed before 
the statement of Corollary 3.4; now we need to use (2.3) as well to deduce this. 

4. The elliptic set 

We first prove an estimate that microlocally controls the Dirichlet form for mi- 
crolocalized solutions Pu = 0, u G Hq(X), in terms of a lower order microfocal 
information and a global bound in Hq(X). In fact, as it does not require much 
additional effort, we consider microfocal solutions, i.e. we make assumptions on 
WF -i.~(p u ) > or i ndccd WF~ M (/V). 

Remark 4.1. Since X is non-compact and our results are microfocal, we may al- 
ways fix a compact set K C X and assume that all ps.d.o's have Schwartz kernel 
supported in K x K. We also let U be a neighborhood of K in X such that U has 
compact closure, and use the norm in place of the norm to accom- 

modate u G i?Q loc (W). Below we use the notation ||.||#i (x) f° r Il-Iljji(t/) ^° av °id 
having to specify U. We also use fo r II- Hi? 1 (£/■)• 

We give two versions of the Dirichlet estimates: the first one suffices for most 
purposes, but it does not give the optimal estimates in terms of the order m in 
WF~ hm (Pu). The second one takes care of this issue. 

Lemma 4.2. Suppose that K C b S*X is compact, U C b S*X is open, K C U . 
Suppose that A = {A r : r G (0,1]} be a bounded family of ps.d.o's in ^ s bc (X) 
with WF' b (.4) G K, and with A r G ^ s f 1 (X) for r G (0,1]. Then there are G G 
y s b ~ 1/2 (X), G G ^ S b +1/2 (X) with WF' 6 (G),WF' b (G) C U and C > such that for 
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r e (0, 1], u e ffo.^PO wtfi WF^' s_1/2 (u) n C/ = 0, WF~ M+1/2 (/V) n C/ = 7 we 

| / (|d M A r u| 2 - \D t A r u\ 2 ) | 

< C (IM| 2 ffL(x) + IIGull^^ + + \\GPuf H . 1{x) ). 

In particular, if the assumption on Pu is strengthened to Pu = 0, we have 

| (\d M A r u\ 2 - \D t A r u\ 2 ) | < C (\\u\\ 2 HL{x) + \\Gu\\ 2 H1{x) ). 

The meaning o/||w||^-i and ||Pu||^._i^ is stated above in Remark 4-1- 

Remark 4.3. The point of this lemma is G is 1/2 order lower (s — 1/2 vs. s) than 
the family A. We will later take a limit, r — > 0, which gives control of the Dirichlct 
form evaluated on Aqu, Ao G \I> bc (X), in terms of lower order information. 

The role of A r , r > 0, is to regularize such an argument, i.e. to make sure various 
terms in a formal computation, in which one uses A directly, actually make sense. 

Proof. Then for r e (0, 1], A r u e H^(X), so 

/ (\d M A r u\ 2 - \D t A r u\ 2 ) = - I PA r uA r u. 
Jx Jx 

Here the right hand side is the pairing of H^ 1 (X) with Hq(X). Writing PA r = 
A r P + [P, A,.], we see that the right hand side can be estimated by 

(4.1) | / A r Pu A r u\ + | / [P, A r ]u A r u\. 

Jx Jx 

The lemma is thus proved if we show that the first term of (4.1) is bounded by 

(4.2) C' {\\u\\ 2 Hlc{x) + \\Gu\\ 2 H1{x) + IIPull^-i^ + \\GPu\\ 2 H - 1[x) ), 

the second term is bounded by Co (x) ll^ ! ' u ll/r 1 (x)) - 

l0 ° —1/2 

The first term is straightforward to estimate. Let A£ $ b ' (X) be elliptic with 

1/2 

A~ e \& b ' (X) a parametrix, so 

E = AA" - Id, E' = A" A - Id e * b °°(X). 

Then 



/ A r P u A r M= / (AA~ - E)A r Pu A r Pu 
Jx Jx 

= / A"A r PuAM r Pu- / A r PuE*A r u. 
Jx Jx 

Since A~^4 r is uniformly bounded in * b ^" 1 ^ 2 (X), and AM r is uniformly bounded 
in \P b ~ 1,/2 (X), J x A~ A r Pu A* A r Pu is uniformly bounded, with a bound like (4.2) 
using Cauchy- Schwartz and Lemma 3.13. Indeed, by Lemma 3.13, choosing any 
G G * b 1 ^ 2 (X) which is elliptic on K, there is a constant C\ > such that 

\\A*A r u\\ 2 Hl(x) < CidluH^i^) + \\Gu\\ 2 Hl{x) ). 

Similarly, by Lemma 3.13 and the remark following Definition 3.14, choosing any 
G € * b +1 ^ 2 (X) which is elliptic on K, there is a constant C[ > such that 
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\\A-A r Pu\\ 2 H . 1(x) < C((||Pu||^ 1(x) + \\GPu\\ 2 H - 1(x) ). Combining these gives, 
with C'o = Ci +C[, 



A _ A r PtiAM r Pu| < ||A"A r Pu|| ||A*A r it|| < ||A-A r Pu|| 2 + ||A*A r it|| 

'/-IU.M2 i ||/nr„.||2 i || D „,||2 , ||r» D „,||2 



as desired. 

A similar argument, using that A r is uniformly bounded in ty^ 1 (X) (in fact 
in V{ C (X)), and E*A r is uniformly bounded in *^ 1/2 (X) (in fact in ^ C °°(X)), 
shows that J x A r PuE*A r Pu is uniformly bounded. 

Now we turn to the second term in (4.1). Using (2.3), 

[P, A r ] = ^ D Xi D Xj Bij :r + ^ D Xj Bj :r + B r , 

B r G *b _1 ( X ) 5 b j> e *b" 2 ( X )' B v> e *b" 3 ( X )' uniformly bounded in tf^W. 
resp. fl^pf), res P- *bc 1 W- Witn A e *b 1/2 (^) as above, we can write further 

A"[P, A r ] = D Xi D Xj A-B' ij r + D X A-B' j r + A~B' r , 

with B[j , B'j r , B' r having the same properties as the Py,r, etc., listed above. 
Thus, 

(4.3) 

f [P,A r }uA~^=J2 I D Xz D X] k-B' ljr uWA^-Y, I D Xi D Xj EB' ij>r uA^l 
Jx y Jx y Jx 

+ V / D x X-B' ]r uk*A r u-Y\ [ D Xj EB' jr uA~u~ 
i Jx 3 ■ Jx 

+ / K~B' r uh*A r u — / EB' r uA~u 
Jx Jx 

= W D x A-B^ r uD x A*A r u-J2 [ D Xj EB[ or uD%~A^ 
ij Jx ij Jx 

+ V / D Xj A-B' jr uA*A r u- V / D Xj EB' jr uA~H 
j Jx j 

+ / A~B' r uA*A r u — / EB' r uA~u, 
Jx Jx 

where D x . is the formal adjoint of D Xi with respect to dg, and where in the last 
step we used that 

A-B' ij r u,A*A r u,EB' ij r u,A r u e Pq P0- 

Note that P* . = J~ 1 D Xi J \idg = Jdxi . . . dxk dy\ . . .dyi is the Riemannian density, 
so P*. = D Xi + b, b e C°°{X). Thus, 

| / D Xj A-B' ijir uD x .A*A r u\ < \\D Xj A~ B' ijir u\\ L 2 (x) \\D Xi A* A r u\\ L 2 {x) 
Jx 

+ \\D Xj A-B' ijr u\\ L 2 {x) \\A*A r u\\ L i {X ), 
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and both factors in both terms arc uniformly bounded for r G (0, 1] since A*A r , 
A~B' i j are uniformly bounded in ^ , ^~ 1 ^ 2 (X) with a uniform wave front bound 
disjoint from WFj' ) ' ;s_1/ ' 2 (u). Indeed, as noted above, by Lemma 3.13, choosing any 
G G ^ 1 ^ 2 (X) which is elliptic on K, there is a constant C\ > such that the 
right hand side is bounded by C'i(||m|| 2 y i + Similar estimates apply 

to the other terms on the right hand side of (4.3), showing that J X [P, A r ]u A r u is 
uniformly bounded for r G (0, 1], indeed is bounded by Co(||u||^i Mn + ll^ll/rifx))' 
proving the lemma. □ 

The lemma which allows more precise estimates is the following. 

Lemma 4.4. Suppose that K C b S*X is compact, U C b S*X is open, K C U . 
Suppose that A = {A r : r G (0,1]} be a bounded family of ps.d.o's in ^ s bc (X) 
with WF' b (A) C K, and with A r G ^ s f 1 (X) for r G (0,1]. Then there are G G 
V S ~ 1/2 (X), G G %{X) with WF / 6 (G),WF' 6 (G) C C/ and C > s«c/i that for 
e > 0, r 6 (0, 1], u G i^/ocW twtfi WFJ' s_1/2 (u) n C/ = 7 WF~ M (Pw) n f/ = 0, 
we /lave 

| f (\d M A r u\ 2 - \D t A r u\ 2 ) | < e\\d x A r u\\ 2 L2{x) + C (\\u\\ 2 HL{x) + \\Gu\\ 2 Hl(x) 

+ e- 1 \\Pu\\l- J{x) +e- 1 \\GPu\\ 2 H - 1{x) ). 

Remark 4.5. The point of this lemma is that on the one hand the new term 
e||(ix^4rw|| 2 can be absorbed in the left hand side in the elliptic region, hence is 
negligible, on the other hand, there is a gain in the order of G (s, versus s + 1/2 in 
the previous lemma). 

Proof. We only need to modify the previous proof slightly. Thus, we need to esti- 
mate the term | J x A r Pu A r u\ in (4.1) differently, namely 

| j^A r Pu~A~u~\ < \\A r Pu\\ H -i (x) \\A r u\\ H i (X ) <c||A r «||^i (JC) +e- 1 ||i4 I .P«||| r _i W . 

Now the lemma follows by using Lemma 3.13 and the remark following Defini- 
tion 3.14, namely choosing any G G ^^(X) which is elliptic on K, there is a 
constant C[ > such that \\A r Pu\\ 2 H _ 1[x) < C[ (\\Pu\\ 2 H _ 1{x) + \\GPu\\ 2 H _ 1[x) ), 
and finishing the proof exactly as for Lemma 4.2. □ 

Using the microlocal positivity of the Dirichlet form, we now prove the elliptic 
estimates. 

Proposition 4.6. (Microlocal elliptic regularity.) If u G loc {X) then 

WF|' ra (tt) C WF^' m (Pu) U b T*X, and WFj >ro (u) n £ C WF^ 1,m (P U ). 
In particular, if Pu — 0, u G Hq loc (X) then 

WF£ ,0 °(u) C b T*X, and WFj ,0 °(u) n £ = 0. 

Proof. We first prove a slightly weaker result in which WF b 1,m (Pii) is replaced by 

WF b 1 ' m+1 ^ 2 (Pu) - we rely on Lemma 4.2. We then prove the original statement 
using Lemma 4.4. 
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Suppose that cither q e h T*X \ h T X or q S £. We may assume iteratively 
that q WF^^^u); we need to prove then that q ^ WF b ' s (ii) (note that the 
inductive hypothesis holds for s = 1/2 since u e i? loc (X)). Let A e $bP0 be 
such that WF' h (A) n WF^' s ~ 1/2 (w) = 0, WF' h (A) n WF b ' s+1/2 (Pu) = 0, and have 
WF' h (A) in a small conic neighborhood U of q so that for a suitable C > or e > 0, 
in U 

(i) r 2 < CY,j ^ if Q e b T*X \ b T*X, 

(ii) |oj-| < e(r 2 + |C| 2 ) 1/2 for all j, and {§[ > 1 + e, if g e £. 

Let A r e *b 2 (^) for r > 0, such that £ = {A r : r e (0, 1]} is a bounded family 
in $5(1), and A r — > Id as r — > in * b p0, e > 0, e.g. the symbol of A r could be 
taken as (1 + r(r 2 + |C| 2 + |cr| 2 )) -1 . Let A r = A r A. Let a be the symbol of A, and 
let A r have symbol (1 + r(r 2 + |C| 2 + \(j\ 2 ))~ 1 a, r > 0, so A r e * b " 2 (X) for r > 0, 
and A r is uniformly bounded in ^ C (X), A r —> A in *^+ e (X). 
By Lemma 4.2, 

/ (\d M A r u\ 2 - \D t A r u\ 2 ) 
Jx 

is uniformly bounded for r G (0, 1]. On the other hand, 

J \d M A r u\ 2 = J Ajj D Xi A r u D Xj A r u + j ^ B iit D y% A r u D Vj A r u 

+ J ^ Cjj D Xz A r u D Vj A r u. 

Using that Aij(x, y) — Aij(0, y) + J2 x kA' i j k (x, y), we see that if A r is supported in 
Xk < S for all k, 

(4.4) \J J2 x kA' llk D Xt A r uD Xj A r u\ < CSj2\\D x .,A r u\\ \\D x .,A r u\\, 

X i'J' 

with analogous estimates for Bij(x,y) — By(0, y) and for dj(x,y). Moreover, as 
the matrix Aij is positive definite, for some c > 0, 

c / ^\D X] A r u\ 2 < 1 f A^ D Xz A r uD Xj A r u. 
Jx ■ Jx i - 

Thus, there exists C > and So > such that if S < So and A is supported in 
\x\ < S then 

cf Y J \ D *Ar U \ 2 + j {^-C5)Y,\ D Vi A Ml-\ D tArU\ 2 ) 

(4.5) X 3 X 3 

< [ {\d M A r u\ 2 -\D t A r u\ 2 ), 
Jx 

where we used the notation 

\D Vj A r u\ 2 h = B lj (0, y)D yi A r u D Vj A r u, 

ij 

i.e. h is the metric g restricted to the span of the d yj , j = 1, . . . , I. 

Now we distinguish the cases q e £ and q e h T*X \ h T*X. If q e £, A 
is supported near £, wc choose 8 e (0, ^) so that (1 - CS) 1 -^- > 1 + S on a 
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neighborhood of WF' h (A), which is possible in view of (ii) at the beginning of the 
proof. Then the second integral on the left hand side of (4.5) can be written as 
\\BA r u\\ 2 , with the symbol of B given by ((1 - CS)\C\ 2 - t 2 ) 1 / 2 )(which is > St), 
modulo a term 



/ FA r u A r u, F e fJ(X). 
Jx 



L 



IX 

But this expression is uniformly bounded as r — > by the argument above. We 
thus deduce that 

c / C>2\D Xj A r u\ 2 ) + \\BA r u\\ 2 
Jx . 

is uniformly bounded as r — > 0. 

If q e b T*X \ h T*X, and A is supported in \x\ < 5, 

[ S- 2 \ Xj D Xj A r u\ 2 < [ \D Xj A r u\ 2 , 
Jx Jx 

On the other hand, near b T*X \ h T*X, for S > sufficiently small, 

5 \ x i D xi A r u \ 2 - \ D tA r u\ 2 j = ||BA'u!| 2 + y FA r uA~/u, 

with the symbol of £? given by (^fy^^j — r 2 ) 1 / 2 (which docs not vanish on U 
for 5 > small), while F e ^" b (X), so the second term on the right hand side is 
uniformly bounded as r — > 0. We thus deduce in this case that 

I / (J2\ D ^ A ^\ 2 ) + \\BA r u\\ 2 
Jx j 

is uniformly bounded as r —> 0. 

We thus conclude that D Xj A r u, BA r u are uniformly bounded L 2 (X). Corre- 
spondingly there are sequences D Xj A rk u, BA rk u, weakly convergent in L 2 (X), and 
such that ru — > 0, as fc — > oo. Since they converge to D Xj Au, BAu, respectively, 
in C~°°(X), we deduce that the weak limits are D Xj Au, BAu, which therefore lie 
in L 2 (X). Consequently, dAu E L 2 (X) proving the proposition with WF^ 1 ' m (Pu) 
replaced by WF b l!m+1/2 (Pu). 

To obtain the optimal result, we note that due to Lemma 4.4 we still have, for 
any e > 0, that 

/ (\d M A r u\ 2 - \D t A r u\ 2 - e\d x A r u\ 2 ) 
Jx 

= [ ((l-e)\d M A r u\ 2 - {1 + e)\D t A r u\ 2 ) 
Jx 

is uniformly bounded above for r £ (0,1]. By arguing just as above, with B as 
above, for sufficiently small e > 0, the right hand side gives an upper bound for 



JjJ2\ D ^ A r U \ 2 ) + \\ BA r^\\^ 



C 
2 



which is thus uniformly bounded as r — > 0. The proof is then finished exactly as 
above. □ 
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A slightly different formulation of this argument is the following. Below w = 
(x,y). Consider 

\\dMA r u\\ 2 —\\D t A r u\\ 2 

= / ff' J D Wi A r u D Wj A r uJ dwdt — / D t A r u D t A r u J dw dt. 
Jx ■ - Jx 

We move the A r in the first factor of each term on the right hand side by first com- 
muting it through <? y D Wi (or D t ), then taking its adjoint with respect to J dwdt, 
and finally commuting it through D Wj . Each of the commutator terms can be 
controlled by the inductive hypothesis as above. Modulo such terms the result is 



( 4 -6) / \y2g lJ D w .uD Wj A*A r u- D t u D t A*A r u I Jdwdt. 

But by definition, a solution of the wave equation Pu = f satisfying the Dirichlet 
boundary condition is u E Hq 1oc (X) with 



g n D Wi u D w v — D t u D t v Jdwdt — — / fv Jdwdt 



x 



for every v € Hq (X). In particular, as A*A r preserves Hq 1oc (X), this holds for 
v = A*A r u when A r has a compactly supported Schwartz kernel. If / € C°°(X), 
e.g. if / = 0, the right hand side now can also be estimated by the inductive 
hypothesis, showing that ||dM^4ru|| 2 — ||-DtA r u|| 2 is uniformly bounded as r — > 0. 
The rest of the arguments presented above apply then, so we can conclude that 
q £ WF^ 00 ^) as above. 

This argument is immediately applicable for Neumann boundary conditions as 
well. Thus, we still get (4.6) modulo terms that can be estimated by the inductive 
hypothesis. Now, by definition, a solution of the wave equation Pu — f satisfying 
the Neumann boundary condition is u e Hy oc (X) with 



J dw dt 



(4.7) J ^2g ij D m uD Wj v- DtuD^ Jdwdt = - J fv 

for every v e H^(X). Here, for / e H^(X), the right hand side is the pairing of 
Hfol(X) with Hl{X) via duality. In particular, as A*A r preserves H^ oc (X), this 
holds for v = A*A r u, and the rest of the elliptic argument is as for the Dirichlet 
boundary condition. 

We use this opportunity to remark that our methods also immediately give 
elliptic regularity for the Laplacian on M. 

Theorem 4.7. (Microlocal elliptic regularity for A.) Suppose that u G Hq loc (M), 
and Au = f, i.e. 

(du,dv) M = (f,v) M 

for all v G Hq c (M); here (•, -)m is the L 2 inner product on M. Then WFJ j '" j '(m) C 
WF^ m (/). ' 

In particular, if f E H^™(M) then u E H^ C (M). 
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The same conclusions hold for Neumann boundary conditions, i.e. with Hq(M) 
replaced by H 1 (M). 

Corollary 4.8. Suppose that u e H^ loc (M), and (A — X)u = 0. Then u e 
H\'™ C (M). The conclusion also holds if u satisfies Neumann boundary conditions. 

Proof. We have Au = f with f = Xu e H^ loc (M) C H~^(M), so u e <f oc (M). 
Iterating this, using 

H b™c c H b.}oT +2 ( M )> completes the proof. □ 

5. BlCHARACTERISTICS 

In this section we state the basic properties of generalized broken bicharacter- 
istics that are instrumental in proving the propagation of singularities theorem in 
Section 8.1. The philosophy originating from the work of Melrose and Sjostrand 
[4, 5] is that it is easier to analyze the bicharacteristics (i.e. the 'classical' system) 
precisely, and prove only rough propagation estimates for the 'quantum' system (in 
this case the wave equation), essentially merely getting the direction of the propa- 
gation correct, than to prove the precise propagation statements directly, for many 
different aspects (not only the classical geometry) interact in the latter setting. 
The precise propagation statement is thus a combination of the rough propagation 
statements with the detailed analysis of the bicharacteristics - this is the content 
of Section 8 here. 

Turning to the generalized broken bicharacteristics, these have been described by 
Lebeau [3, Section III] in his setting, i.e. for domains M in real analytic manifolds 
M, equipped with a real analytic metric g, with the boundary of M admitting a 
stratification. However, analyticity does not enter into the analysis of generalized 
broken bicharacteristic (called 'rayons' there), and manifolds with corners, by defi- 
nition, admit the desired stratification (stratified by the boundary faces), in a C°° 
sense. Thus, all of Lebeau's results on generalized broken bicharacteristics apply 
in our setting, at least if one adopts his definitions. 

Our definition differs from that of Lebeau in two ways. First, at boundary 
hypersurfaces (i.e. codimension 1 faces), Definition 1.1, part (iii), demands more 
than Lebeau's definition (from which (iii) is missing). Thus, our bicharacteristics 
are a subset of those of Lebeau's. However, since the analysis of bicharacteristics 
is local in X, the C°° boundary analysis of Melrose and Sjostrand applies. As this 
only necessitates trivial changes, we point these out below after the statement of 
the propositions of this section. 

The other difference is that wc defined the topology of X as the subspace topology 
inherited from h T*X, while Lebeau defines it by requiring that n be continuous, so 
we need to show that these are indeed the same, which we proceed to do now. 

Lemma 5.1. Define the topology of X as the subspace topology of b T*X . Then 
O C X is open (resp. closed) if and only if ft (O) is open (resp. closed). 

Since the bundle inclusion map t : T*X — > h T*X is C°°, hence continuous, 7r is 
automatically continuous, so it only remains to show that if 7r _1 (0) is open, then 
O is open, which we do below. 

First, however we remark that a basis of the subspace topology is given by 

B S (q ) ={qe£: \x(q)\ < 5, \y(q) - y (q)\ < 5, \t(q) - t(q Q )\ < 6, 
( ' ' \r(q) - r(q )\ < 5, \((q) - C(«b)| < S}, 
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as qo and S > vary. Indeed, on E = 7r(Char(P)), \a(q)\ < C\x(q)\ |r(g)| over 
compact subsets of X. Assuming 5 < 1, S < |r(go)|/2, as we may, the above 
inequalities imply that \a(q)\ < 2C5\r{qo)\. Given So > 0, this set will thus be 
included in a <5 -ball in h T*X } centered at q , provided we choose 5 < <5o/2C|r(go)|j 
so every neighborhood of qo in E contains a set of the form (5.1). 

Proof of Lemma 5.1. We now show that if 7r _1 (0) is open, then so is O. That is, we 
need to show for any set O with n (O) open, and for any qo G OC\T* -Fi jreg , there is 
a 5 > such that B${qo) C O. But n^ 1 ({q }) is the set of points qo — (x, y, t, £, C, t) 
in T*A with (jc,y,t,f,C,r) - (0,y(gb),*(«b),f,C(«to).T(«b)) and £ • A(t/( 9o )X = 
r (9o) 2 — K(9o)|y( 90 )- As A is positive definite, the last equation implies that £ is 
bounded on 7r _1 ({go}), and indeed 7r _1 ({9o}) is compact. So if 7r _1 (0) open, then 
for some S > it contains the intersection of Char(P) with the set 

{q G T*X : |z(g)| < S, \y(q) - y(q )\ < S, \t(q) - t(q )\ < 5, 
\r(q) - r(q )\ < 5, \((q) - C(q )\ < 6, \p(q)\ < 5}, 

i.e. it contains the set 

B 5 (q ) = {q G Char(P) : \x(q)\ < 5, \y(q) - y(q )\ < 5, \t(q) - t(q )\ < 6, 

\r(q) - T(q )\ < 5, \((q) - ((q )\ < S}. 

Now n(Bs) = Bs(qo), while 7r(7r _1 (0)) = O, so we deduce that Bs(qo) C O, and 
hence O is open as claimed. □ 

Being a subset of b T*A, E is a separable, locally compact metrizable space, 
although this follows also directly using the topology induced by tt as in Lebeau's 
paper. 

A stronger characterization of generalized broken bicharacteristics at 7i follows 
as in Lebeau's paper. Notice that if 7 : / — > E is continuous then the conclusion 
of the following proposition certainly implies (i) and (ii) ((h) follows as Xj are n- 
invariant) of Definition 1.1, so the proposition indeed provides an alternative to 
(i)-(ii) of our definition. Note that (hi) is not required for this proposition, and 
conversely, it does not imply (hi). (We also remark paranthetically that there is 
yet another way of phrasing (i) and (ii) in the definition of generalized broken 
bicharacteristics, which is important in iV-body scattering in the presence of bound 
states, see [14, Definition 2.1].) 

Proposition 5.2. (Lebeau, [3, Proposition V\) If '7 is a generalized broken bichar- 
acteristic, to € J, qo = j(to), then there exist unique q+,q~ G Char(P) satisfying 
n(q±) = qo and having the property that if f G C°°(T*X) is ^-invariant then 
1 1 ► f^(^(t)) is differentiable both from the left and from the right at to and 

(5-2) (/.°7)k± = 

Corollary 5.3. (Lebeau, [3, Corollaire 2]) Suppose that K is a compact subset o/E. 
Then there is a constant C > such that for all generalized broken bicharacteristics 
7 : I — > K, and for all it -invariant functions f on a neighborhood of ir^ 1 ^) in 
T*X, one has the uniform Lipschitz estimate 

I/tt 7( s i) - U ° l(s2)\ < M||/|| c i |si - s 2 |, si,s 2 G I. 
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In particular, (locally) the functions x, y and £ are Lipschitz on generalized broken 
bicharacteristics. 

We also need to analyze the uniform behavior of generalized broken bicharacter- 
istics. Here we quote Lebeau's results. 

Proposition 5.4. (Lebeau, [3, Proposition 5]) Suppose that K is a compact subset 
of S, 7„ : [a, b] — > K is a sequence of generalized broken bicharacteristics which 
converge uniformly to 7. Then 7 is a generalized broken bicharacteristic. 

Proof. By Lebeau's result, 7 is a 'rayon', i.e. it satisfies (i)-(ii) of Definition 1.1. 
Thus, we only need to show that it satisfies (iii) in order to prove that it is a 
generalized broken bicharacteristic. But if 7(io) € Q H T*Ti, rcg , Ti a boundary 
hypersurface, then, using that the projection of 7 to X is Lipschitz by Corollary 5.3, 
we see that for S > sufficiently small, j n — 7n|[i -*,to+6] lie in T*X° U T* Ti , rcg 
for all n, as does 7 = j\^ -s,t +S]- Thus, 7 is a generalized broken bicharacteristic 
by the results of [5], which implies that 7 satisfies (iii), finishing the proof. □ 

Proposition 5.5. (Lebeau, [3, Proposition 6]) Suppose that K is a compact subset 
of S, [a, b] C ffi and 

(5.3) TZ = {generalized broken bicharacteristics 7 : [a, b] — > K}. 

If TZ is not empty then it is compact in the topology of uniform convergence. 

Proof. TZ is equicontinuous, as in Lebeau's proof (since every generalized broken 
bicharacteristic is a rayon), so the proposition follows from the theorem of Ascoli- 
Arzela and Proposition 5.4. □ 

Corollary 5.6. (Lebeau, [3, Corollaire 7]) If 7 : (a, b) — > R is a generalized broken 
bicharacteristic then 7 extends to [a,b]. 

6. The hyperbolic set 

In TiUQ the Dirichlet form is not positive, but Lemma 4.2 immediately gives the 
following estimate, by simply rearranging its concluding estimate. We do not need 
the sharp elliptic version, as in Lemma 4.4, since Lemma 4.2 is only 1/2 derivative 
weaker than Lemma 4.4, and at H U Q, u loses a whole derivative as compared to 
the elliptic estimates. 

Lemma 6.1. Suppose that K C b S*X is compact, U C b S*X is open, K C U . 
Suppose that A = {A r : r G (0,1]} be a bounded family of ps.d.o's in ^'^(X) 
with WF' 6 (.4) C K, and with A r G ^ s f 1 (X) for r G (0,1]. Then there exist 
B e V s b ~ 1/2 (X), B e ^ S b +1/2 (X) with WF' b (B),WF' b (B) c U and C > such that 
for r e (0, 1], u e Hl loc {X) with WF^ 1/2 (m) n U = 0, WF,; 1 ' ;s+1/2 (Pm) n {/ = 0, 
the following estimate holds: 

\\d M A r u\\ 2 <||A-4rM|| 2 

+ Co(\\u\\ 2 HL{x) + \\Bu\\% 1{x) + + \\BPu\\ 2 H ^ m )). 

In particular, if the assumption on Pu is strengthened to Pu = 0, we have 

\\d M A r uf < || D t A r u\\ 2 + C {\\u\\ 2 H ij x) + \\Bu\\% 1{x) ). 
The meaning o/||u||^i (x) and \\Pu\\ 2 1( . is stated in Remark 4.1. 
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This lemma roughly says that D Xi A r u (and also D Vi A r u, but the latter follows 
more directly from general properties of the b-ps.d.o's near Ti U Q) is bounded by 
D t A r u, modulo lower order error terms. This allows us to estimate various error 
terms in the positive commutator argument below, and it shows that we only need 
to find a uniform bound on ||Dt^4 r w|| 2 in terms of other terms on the right hand 
side in order to get a bound on ||(iM^4r«|| 2 , hence conclude that points at which 
<Tb tS (A) 7^ do not lie in WF b ,s (ti). (Here A r — > A in a suitable sense.) 

A related consequence of this lemma is that for microfocal solutions of Pu = 0, 
u e Hq(X), WF^' m (u) agrees with the b-wavc front set of u defined with respect 
to the more traditional L 2 space. 

Lemma 6.2. Suppose u g H^ loc (X), WF^ 1 ' 00 (Pu) = 0. Then 

W¥\> m {uf = {qe b T*X \o: 3Ae 9? +1 (X), a b , m+1 (A)(q) ? 0, Au g L 2 (X)}. 
More generally, for u € Hq 1oc (X), 

WF 1 t ra (u) c nWF^ 00 (F«) c 
= {qe WF" 1 ' 00 (Pn) c : 3A g *[ n+1 (X), o- b , m+1 (A)(q) + 0, Au g L 2 (X)}. 

Proof. In T*X° , both sides are the standard wave front set, WF m+1 (u), so it suffices 
to consider the case when q lies over dX. 

First we show that the left hand side is a subset of the right hand side, which is the 
'easy direction', and does not use any condition on Pu. Now, if q g WF b ' m («) c , then 
there is some B g with a b>m {B){q) ^ and Bu g H£(X). We may assume 

that B is supported near the projection of q to X, so in particular we can use local 
coordinates in the rest of the argument. If Q(q) 0, then A = D yj B g ^™ +1 (X) 
with non- vanishing principal symbol at q and D Vj Bu G L 2 (X) since Bu g Hq(X), 
so q indeed lies in the right hand side. A similar argument works of r(g) ^ 0. If 
o-j(q) ^= 0, then A = XjD Xj B g *™ +1 (A) with non- vanishing principal symbol at 
q and D Xj Bu g I- 2 (A) since g Hq(A), so XjD Xj Bu g £ 2 (A) as well - thus, 
again, g lies in the right hand side. Therefore the left hand side is indeed a subset 
of the right hand side. 

To see the converse direction, i.e. that the right hand side is a subset of the 
left hand side, we note that as u g Hl loc (X), WF^ m (u) c D (( b T*A) c U £) \ 
WFr '°°{Pu) by Proposition 4.6, so it suffices to consider q g (? U W. We use 
induction on m to prove that if g is in the right hand side then it is also in the left 
hand side - with the case m = being trivial as we are assuming u g Hq 1oc (X). 
In general, suppose that the inclusion has been proved for m replaced by m — 1/2. 
Suppose that q g Q U 7Y is in the right hand side, so there is A G \l/™ +1 (A), A 
elliptic at g, g L 2 (X), and g ^ WF^' m 1 ^ 2 {u) by the inductive hypothesis. Note 
that r(g) 7^ 0, i.e. Dt is elliptic at g. We may assume that WF' h (A) lies close to g, 
hence that r is elliptic on WF' h (A), and in addition WF^ m_1/2 (u) n WF' h (A) = 0. 
Then we can write A = D t B + R, B g elliptic at g and i? g * b °°(X). 

Thus, (as u g i 2 (A)) i?u g L 2 (A), so D t B« g L 2 (X). Taking B r g ^^(X) 
uniformly bounded with B r — > B in ^j^. +e (A) (e > 0), Lemma 6.1 gives that 
d,MB r u is uniformly bounded in L 2 . Since it converges to oImBu in C _00 (A) on 
the one hand, and there must be a weakly convergent sequence dMB rk u in L 2 (X), 
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r/c — > as k — > oo, by the uniform bound, we deduce that <1mBu <E L 2 (X) as well, 
so d x Buei 2 (X), hence Bit eiJi^). □ 

After these preliminary discussions, we turn to the propagation estimate at q € 
7i. As usual, the key ingredient is to find a C°° function / on h T*X such that, at 
least near q, H v i* f has a fixed sign. We usually drop the pull-back i* below; recall 
that l : T*X — > D T*X is the 'inclusion', and 7r is t, considered as a map onto b T X. 
In our setting, we can take / = 77 where 77 = — ^| = — Indeed, the Hamilton 

vector field iJ p of p is given by 

(6.1) 

H p = 2rd t -H g = 2rd t - 2A£ ■ d x - 2B( ■ d y - 2 ^ C l3 ( 3 d Xt - 2 ^ Cy&tf„, 

+ 2 ^(dyMSiCjdfi, - 

Thus, 

- 2£ • A£ + 2 ]T CM - 2 

- 2^2{d Xk C ij )ZiQx k - 2^2(d Xk B ij )QQx k , 

so at x — 0, where C vanishes, 

(6.2) \T\H p r, = 2£ ■ A£ = 2t 2 -2(-BQ-2p = 2t 2 - 2\(\ 2 y - 2p. 

Thus, H P T] > at ^{H) n Char(P) = ^{H). 

We only state the following propagation result for propagation in the forward 
direction along the generalized broken bicharacteristics. A similar result holds in 
the backward direction, i.e. if we replace rj(^) < by r)(£) > in (6.3); the proof 
in this case only requires changes in some signs in the argument given below. The 
construction of a positive commutator below closely mirrors that of [13] in the 
A-body setting. 

Proposition 6.3. Let q = (y , t , (0 , T o) € H fl T*T reg and let r] = — 14 be the 

ir-invariant function defined in the local coordinates discussed above, and suppose 

that u e Hq 1oc (X), q £ WF^ 1,00 (Pu). If there exists a conic neighborhood U of 
■ * 

q in °T X such that 

(6.3) q e U and r,{q) < => q £ WF^°°(u) 

then q i WF\°°{u). 

In fact, if the wave front set assumptions are relaxed to q £ WF~ b 1 ' s+1 (Pu) and 
the existence of a conic neighborhood U of q in b T X such that 

(6.4) qe U and r]{q) < ^ WF*' s (u), 
then we can still conclude that q £ WF[ ,s (m). 

Remark 6.4. Note that 77(g) < implies x ^ 0, so q T*T . 
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Remark 6.5. We recall that every conic neighborhood U of go = (j/o, ^o, Co, r o) € 
H n T*JF rog in £ contains an open set of the form 

(6.5) {q : |z(<z)| 2 + |y(g) - y \ 2 + \t(q) t \ 2 + \((q) Co 1 2 < 

C = -• Note also that (6.3) implies the same statement with U replaced by any 
smaller neighborhood of qo; in particular, for the set (6.5), provided that 6 is 
sufficiently small. We can also assume that WF b ~ 1 ' oo (Pw)n[/ = 0. 

Proof. As in Proposition 4.6 we use an inductive argument to show that qo £ 
WF^(ii), provided that q $ WF^ 1/2 (ti); again the inductive hypothesis holds 
for s = 1/2 since u <E Hy (X). Because of Lemma 6.1, we only need to show that 
for some B e % +l {X) with a biS+1 (B)(q ) ^ 0, Bu € L 2 (X). 

Below we fix a small neighborhood Uq of q such that Uq is inside a coordinate 
neighborhood of q and WF~ 1,<x> (Pu) n U = 0. 

The key is to construct an operator A with WFJ,(m) n U and P] positive, 

modulo terms that we can estimate either by the a priori assumptions, namely those 
on Pu and those on WFb(w), summarized in (6.3) above. Thus, we do not need to 
make the commutator positive in r\ < 0, and also 'away from Char(P)', although 
the latter is a moral statement as the locus of the microlocalization is h T*X\ o, not 
T*X \ o. Our A will in fact be formally self-adjoint modulo lower order operators, 
and we only take A* A to avoid having to comment on the subprincipal terms. 

The main technical problem below is that P does not lie in ^^(X), so we cannot 
simply use the symbol calculus on ^(X) - we need to write out various expressions 
semi-explicitly as elements of Diff ^^(X). On the other hand, while ^b(X) is the 
locus of the microlocalization, at the level of the symbol calculus one can rely on 
standard ps.d.o's on an extension X of X, i.e. work with symbols on T*X. This 
has the advantage that p is a symbol on T*X, as is the pull-back of symbols on 
h T*X via 7r, so one can calculate their Poisson bracket, etc. However, it is not 
trivial to make this into a technically useful computation, since we need to control 
various expression in Diff ty^X). In order to make the argument more digestablc, 
we start with a symbol construction, and do a formal commutator computation in 
*(X) (in fact, we will ignore that we need an extension X here and write 1 ^>(X)' 
at times) to show why the constructed symbol should be useful, and then give the 
actual proof. 

We construct the symbol of A in a few steps. The two main ingredients are a 
homogeneous degree zero function that is increasing along the Hamilton flow, which 
will be r], and a homogeneous degree zero function w on a conic neighborhood of 
<7o in b T*X \ o that roughly measures the square of the distance from qo in h T X. 
Note that w can also be regarded as a function on a subset of h S*X, if desired. 
Thus, we let 

(6.6) uj(q) = \x{q)\ 2 + \y(q) - yo\ 2 + \t(q) - t | 2 + \((q) - Co| 2 , 

|.| denoting the Euclidean norm, and C = 7 as above. Then lu vanishes quadratically 
at qo, in fact is a sum of squares, so \dw\ < C^lj 1 / 2 , and in particular 
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Were we merely using the symbol calculus for ^^(X) or l ^(X)\ this is all that 
would matter. Since this is not the case, we need that more explicitly, 

r-'H.u; = .fo + J2 fi T ~^i + E A/ T ' 2 te:i- 
(6.8) i id 

fijij eC°°( b T*X), \fi\,\fij\<Ciw^ 2 , 

fi, fij homogeneous of degree 0, which follows from (6.1). 

Next, we use the variable rj — — t4 to measure propagation. Since 

3 

r\ is a homogeneous degree zero C°° function on a conic neighborhood of go in 
h T*X\o, hence it (or more precisely its pullback by it) is a C°°, 7r-invariant function 
on T*X. This function indeed measures the flow along bicharacteristics near go 
since at points go in ^ {{lo}), where thus p = 0, 

(6-9) \r\H pV (q ) = r 2 - |ColL = C0 t 2 > 0, 

due to (6.2), where we used that g G H. Again, if we could use ^(X)\ all we would 
need is that \r\H p r] > c r 2 /2 > on U , which is automatic if the neighborhood 
Uo is small enough. Now, however, we need the more explicit expression 

M" 1 ^ =t- 2 (2t 2 - 2|C| 2 - 2p) + 90 + ^r" 1 ^ + ^9^^, 

i i,j 

9r.gr, eC°°( b T*x), \ gi \,\ gij \ <C^ 2 , 

gi, gij homogeneous of degree 0, which again follows from (6.1). 

We are now ready to define the symbol a of A. For e > 0, S > 0, with other 
restrictions to be imposed later on, let 

(6-10) <f> = T]+-^LJ, 

so is a homogeneous degree zero C°° function on a conic neighborhood of go in 
h T*X \ o - we can again regard it as a 7r-invariant function on T*X \ o. (Here e~ 2 
plays the role of (3 in the analogous - normal - propagation estimate of [13].) 

Let xo G C°°(R) be equal to on (-oo,0] and X o(t) = exp(-l/f) for t > 0. 
Thus, Xo(t) = t~ 2 Xo(t)- Let xi G C°°(M) be on (-oo,0], 1 on [l,oo), with 
Xi > satisfying x'i G C C °°((0,1)). Finally, let %2 G C C °°(R) be supported in 
[— 2ci,2ci], identically 1 on [— Ci,ci], where c\ is such that if \<t\ 2 /t 2 < ci/2 in 
Snf/o- Thus, X2(|o'| 2 /''" 2 ) is a cutoff in |cr|/|r|, with its support properties ensuring 
that dx2(W\ 2 / t 2 ) is supported in \<t\ 2 /t 2 E [ci,2c\] hence outside S - it should be 
thought of as a factor that microlocalizes near the characteristic set but effectively 
commutes with P. Then, for A n > large, to be determined, let 

(6.11) a = xo(A 1 (2 - ^/S)) Xi (v/S + 2)x2(W\ 2 /t 2 ); 

so a is a homogeneous degree zero C°° function on a conic neighborhood of g in 
b T*X . Indeed, as we see momentarily, for any e > 0, a has compact support inside 
this neighborhood (regarded as a subset of h S*X, i.e. quotienting out by the In- 
action) for S sufficiently small, so in fact it is globally well-defined. In fact, on 
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suppa we have <f> < 25 and r\ > —25. Since uj > 0, the first of these inequalities 
implies that r\ < 25, so on supp a 

(6.12) \r]\ < 25. 
Hence, 

(6.13) uj < € 2 5{25-j 1 ) < 45 2 e 2 . 

In view of (6.6) and (6.5), this shows that for any e > 0, a is supported in U, 
provided 5 > is sufficiently small. The role that A large plays is that it increases 
the size of the first derivatives of a relative to the size of a, hence it allows us to 
give a bound for a in terms of a small multiple of its derivative along the Hamilton 
vector field. This is crucial as we need to deal with weight factors, such as |t| s+1 / 2 
in the next paragraph, if the weight factors do not commute with P. In this case, 
they can be arranged to commute (at least microlocally, which suffices), so we could 
eliminate Aq, but its presence is helpful if one is to weaken the assumptions on the 
structure of P. 

This is the point where the technical argument needs significantly more details 
than the motivational one. So we start with the motivation. Thus, using (6.7), 
(6.13), 

M -1 ^ = HpTj + -^H p lu > c /2 - ^-C'{uj 1/2 > c /2 - 2C^- 1 > c /4 > 

provided that e > i.e. that e is not too small. We fix some such e for the rest 
of the arguments below, and then we will take 5 > sufficiently small. With this, 
H p a 2 = -b 2 + e,b= |r| 1 /2( 2 | r |-i^)i/2 ( ^ o5) -i/2 (xoX / )) i/2 XiX2; 

with e arising from the derivative of XiX2- Here xo stands for xo(Aq 1 (2 — £)), etc. 
Since r\ < on dxi while d\2 is disjoint from the characteristic set, both being 
regions disjoint from WFb(w), i[A*A,P] is positive modulo terms that we can a 
priori control, so the standard positive commutator argument gives an estimate 
for Bu, where B has symbol b. Replacing a by a|T| s+1,/2 , we still have a positive 
commutator (in this case r, or rather D t , actually commutes with P, but in any 
case we could use Aq to bound the additional commutator term), which now gives 
(with the new B) that Bu E L 2 (X), which means in particular that qo £ WF^ s (u). 

This argument is of course very imprecise. The technically correct version is the 
following. First, 

(6.14) 

\T\- 1 H p (j)=\T\- 1 H p Tl+-^\T\- 1 H p iJ 

= -2pr- 2 + t- 2 (2t 2 - 2\(\ 2 y ) + .go + ^ r" 1 ^ + ^ r 

i ij 

+ ^(/o + E & r-1 /i + E t 2 ^»u) 

Let B e ^l /2 (X) with 

(6.15) b = a bA/2 (B) = |r| 1 /2 ( A 0( 5)-V2 (xo ^ ) i/2 XlX2 e C °°( h T*X \ o), 

and let A e *bW witn cr 6,o(-4) = a- Again, xo stands for xo(Aq 1 (2 - |)), 
etc. Also, let C G have symbol a hfi (C) = \t\- 1 {2t 2 - 2|C| 2 ) 1/2 V' where 
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ip E S°( h T*X) is identically 1 on U considered as a subset of h T*X. Then an 
explicit calculation using Lemma 2.8 and P = D 2 — A, 

A = y £^A ij {x,y)D Xi D Xj + J2 2 C ij {x,y)D Xi D yj +^B ij {x,y)D yi D yj + P u 

i,j i,i i,j 

Pi G DiS 1 (X), gives, in accordance with (6.14), 

(6.16) 

i[A*A,P] 

= R'P + B*(C*C + R + J2 D x t Ri + D Xt R l3 D X] )B + R" + E + E' 

i ij 

with 

R G <(X), Ri G ^\X), Rtj G tf^X), 

i?' G ^^(X), R" eDiS 2 ^- 2 (X), E,E' G Diff 2 f^psT), 

with WF;(£) C ry- 1 ((-°°>- (5 ]) n C/, WFb(S') n E = (E arises from the com- 
mutator of P with an operator with symbol Xiiv/^ + 2), while £" from the com- 
mutator of P with an operator with symbol X2(|c| 2 /t 2 )) and with ro = &b,o(Ro), 
n = a b -i(Ri), r tj G a b -2{Rij), 

\r \ < C 2 (l + ^V /2 , |TTi| < C 2 (l + jr 5 )^' 2 ' ^ W + i^ 1/2 ' 

and supprj lying inw< 9S 2 e 2 . Thus, 

\r \ < 3C 2 {Se + e- 1 ) 7 \ T n\ < 3C 2 (Se + e" 1 ), |t% \ < 3C 2 {5e + e" 1 ). 

Having calculated the commutator, we proceed to estimate the 'error terms' Ro, 
Ri, Rij as operators. We start with i? - As follows from the standard square root 
construction to prove the boundedness of ps.d.o's on L 2 , there exists R' G ^^ 1 (X) 
such that 

\\Rov\\ <2sup|r |HI + ||flo«|| 
for all v G L 2 (X). Here j| • || is the i 2 (X)-norm, as usual. Thus, we can estimate, 
for any 7 > 0, 

\{R v,v)\ < \\R Q v\\ \\v\\ <2sup|r |||w|| 2 + ||i?^||||w|| 
< 6C 2 {de + e- 1 )\\v\\ 2 +j- 1 \\R' Q v\\ 2 +j\\v\\ 2 . 

Now we turn to Ri. Let T G (X) be elliptic (which we use to keep track of 
the orders of ps.d.o's), T~ G ^l(X) a paramctrix, so T~T = Id +F, F G * b w (I). 
Then there exist R' i e'i h 1 (X) such that 

\\R i w\\ = \\R i {T-T-F)w\\ < WiRiT-^Tw^ + WRiFwW 

< 6C 2 (5e + e-^HTtull + \\R' t Tw\\ + \\RiFw\\ 

for all w with Tw G L 2 (X). Similarly, there exist R\- G ^!^ 1 (X) such that 

\\(T-)*R ijW \\ < 6C 2 (Se + e- 1 )\\Tw\\ + \\R' ij Tw\\ + \\(T-rR ij Fw\\ 

for all w with Tw e L 2 (X). Thus, 

KiZiD^v.v)! <6C 2 (5e + e-^HT^^H ||v|| 

+ 2 7 ||«|| 2 + j^WR^DzMl 2 +7- 1 \\F i D Xi v\\ 2 , 
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and, writing D Xj v = T Tv — Fv in the right factor, and taking the adjoint of T , 

\(RijD Xi v,D Xj v)\ <6C 2 (6e + e-^WTD^vll \\TD Xj v\\ 

+ 2j\\TD Xj v\\ 2 + l- 1 \\R' ij TD Xi v\\ 2 + T^ll^^ll 2 
+ \\R ij D xt v\\\\FD Xj v\\, 

with F^Fij e *b°°(X). 
Let A r have symbol 

(6.17) |r| s+1 / 2 (l + r|r| 2 )- s , re [0,1), 

so A r = AA r e *°(-X") for r > and it is uniformly bounded in *^ 1/2 (X). In 
similar constructions in general, the commutator [P, A r ] can be controlled by the 
other terms using A$, for A large - in the present setting [P, A r ] = 0. 
Now, by (6.16), 

(6.18) 

(i[A*A r ,P]u,u) = \\CBA r u\\ 2 + (R'PA r u,A r u) + (R a BA r u,BA r u) 

+ ^2(RiD Xi BA r u, BA r u) + ^(R l] D Xz BA r u 1 D Xj BA r u) 
+ (R"A r u, A r u) + ((E + B')A r ii, A r u) 

On the other hand, as A r € *°(-X") for r > and u € H&(X), so A*A r u e ^'(X), 

([A;A r ,P]M,u) = {A* r A r Pu,u) - (PA* r A r u,u) 

= (A r Pu,A r u) - (A r u,A r Pu) = 2ilm(A r Pu,A r u); 

the pairing makes sense for r > since A r e ^(X) then. 

Assume for the moment that WF b _1,;s+3 ^ 2 (Pu) n U = - this is certainly the 
case in our setup if qo £ WF^ 1,00 (Pw), but this assumption is a little stronger that 
qo ^ WFj^ ' s+ (Pu), which is what we need to assume for the second paragraph 
in the statement of the proposition. We deal with the weakened hypothesis q 
WF b ~ 1 ' s+1 (Pu) at the end of the proof. Returning to (6.19), the utility of the 
commutator calculation is that we have good information about Pu (this is where 
we use that we have a microlocal solution of the PDE!). Namely, wc estimate the 
right hand side as 

\(A r Pu, A r u) \ < \{{T-)*A r Pu,TA r u) \ + \(A r Pu, FA r u)\ 
(6.20) < \\(T-)*A r Pu\\ H -i {x) \\TA r u\\ m{x) 

+ \\A r Pu\\ H -i(x)\\FA r u\\ H i(x)- 

Since (T~)*A r is uniformly bounded in ^^ 3 ^ 2 (X), TA r is uniformly bounded 
in <$ s h ~ 1/2 (X), both with WF b in U, with WF~ M+3/2 (Pu), resp. WF^ 1/2 (u) 
disjoint from them, we deduce (using Lemma 3.13 and its H^ 1 analogue) that 
\((T~)*A r Pu, TA r u)\ is uniformly bounded. Similarly, taking into account that 
FA r is uniformly bounded in ^°°(X), we see that \(A r Pu, FA r u)\ is also uni- 
formly bounded, so \(A r Pu, A r u)\ is uniformly bounded for r € (0, 1]. 
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Thus, for some C3 > depending only on the dimension of X, 
\\CBA r u\\ 2 <2\{A r Pu, A r u)\ + \{(E + E')A r u, A r u)\ 

+ (6C 2 (Se + e- 1 ) + C 37 ) \\BA r u\\ 2 + 7- 1 ||i?^A,, U || 2 
+ 6C 2 (Se + e-^WBAruW ^ \\TD Xi BA r u\\ 

i 

+ 7" 1 \\TRiD Xt BA r u\\ 2 + 7|| j BA,.m|| 2 

i 

(6.21) + (6C 2 (5e + e" 1 ) + C 3l ) ]T \\TD Xi BA r u\\ 2 

i 

+ -f- 1 Y,W R ^ TD *^A r u\\ 2 

ij 

+ 7 _1 ]T IIF^BA^H 2 + 7- 1 ]T m 3 D Xi BA r u\\ 2 

i ij 

+ ~Y \\RijD Xi BA r u\\ \\FD Xj BA r u\\. 

All terms but the ones involving C 2 or 7 (not 7 _1 ) remain bounded as r — > 0. 
The C 2 and 7 terms can be estimated by writing TD Xi = D Xi T[ + T" for some 
T-,T" G ^^ 1 (X), and using Lemma 6.1 where necessary, to conclude that there 
exist 7 > 0, e > 0, S > and C 4 > 0, C 5 > such that for S G (0, S ), 

C 4 \\BA r u\\ 2 <2\lm(A r Pu,A r u)\ + \((E + E')A r u, A r u) \ 

+ 7 " 1 PoSA rU || 2 + C^Wdx^BAruW 2 . 

Letting r — > now keeps the right hand side bounded, proving that ||BA r u|| is uni- 
formly bounded as r — > 0, hence BAqu G L 2 (X) (cf. the proof of Proposition 4.6). 
In view of Lemma 6.1 this proves that qo <^ WF^ti), and hence proves the first 
statement of the proposition. 

In fact, recalling that we needed qo WF b 1 ' s+3 ^ 2 (Pu) for the uniform bounded- 
ness in (6.20), this proves a slightly weaker version of the second statement of the 
proposition with WF b 1,s+1 (Fu) replaced by WF b 1,s+s ' 2 (Pu). For the more precise 
statement we modify (6.20) - this is the only term in (6.21) that needs modification 
to prove the optimal statement. Let f G ^ 1/2 (X) be elliptic, T~ G ^\j 2 {X) a 
parametrix, F = f~f - Id G * b °°(X). Then, similarly to (6.20), we have for any 
7>0, 

\(A r Pu,A r u) \ < \{(f-)*A r Pu,TA r u)\ + \ {A r Pu, FA r u)\ 

(6.22) <7- 1 ||(T-)*A r P U || 2 ,_ lm +7||fA rU || 2 , 1(x) 

+ \\A r Pu\\ H - HX) \\FA r u\\ HHX) . 

The last term on the right hand side can be estimated as before. As (T~)*A r is 
bounded in ^^(X) with WF b disjoint from U, we see that \\(f-)* A r Pu\\ H -i (x) 
is uniformly bounded. Moreover, \\dx TAA r u\\ 2 can be estimated, using Lemma 6.1, 
by ||£>tTAA r u|| 2 modulo terms that are uniformly bounded as r — > 0. The principal 
symbol of D t TA is Ta b _ 1 / 2 (T)a, with a = X0X1X2, where xo stands for Xo(Aq 1 (2 — 
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|)), etc., while the principal symbol b of B is given by (6.15), so we can write: 

\r\ 1/2 a = |r| 1 / 2 X0 XiX2 = V(2 4>/S)\r\ 1/2 (XoXo) 1/2 XiX2 = A~ 1/2 S 1 / 2 (2 ft 6)1, 

where we used that 

X 'o(Ao 1 (2 - cj>/6)) = A 2 {2 - <t>/5)-\ {As\2 - 0/6)) 

when 2 — <j)/8 > 0, while a, b vanish otherwise. Correspondingly, as |t| 1 / 2 (7(„-i/2(7') 
is C°°, homogeneous degree zero, near the support of a in h T*X \ o, we can write 
D t TA = GB + F, G e fg(X), F e % 1/2 (X). Correspondingly, modulo terms 
that are bounded as r — > 0, ||-DtTVlA r w|| 2 (hence lldxT^ArwH 2 ) can be estimated 
from above by Ce||i?A r u|| 2 . Thus, modulo terms that are bounded as r — > 0, for 
7 > sufficiently small, ~f\\T A r u\\ 2 H1 ^ can be absorbed into ||CJ5A r u|| 2 . As the 
treatment of the other terms on the right hand side of (6.21) requires no change, 
we deduce as above that BA a u e L 2 (X), which (in view of Lemma 6.1) proves that 
go ^ WF^' s (u), completing the proof of the iterative step. 

We need to make one more remark to prove the proposition for WF b '°°(u), 
namely we need to show that the neighborhoods of g which are disjoint from 
WFJ' s («) do not shrink uncontrollably to {q a } as s — > oo. This argument parallels 
to last paragraph of the proof of [2, Proposition 24.5.1]. In fact, note that above 
we have proved that the elliptic set of B = B s is disjoint from WF^fu). In the 
next step, when we are proving q a ^ WF^' ;s+1 ' /2 (u), we decrease 6 > slightly (by 
an arbitrary small amount), thus decreasing the support of a = a s+1 / 2 in (6.11), to 
make sure that supp a s+1 / 2 is a subset of the elliptic set of the union of B s with the 
region rj < 0, and hence that WF^' s (u) n suppa s+1 / 2 = 0- Each iterative step thus 
shrinks the elliptic set of B s by an arbitrarily small amount, which allows us to 
conclude that go has a neighborhood U' such that WF^' S («) n V = for all s. This 
proves that q <£ WF^°°(u), and indeed that WF^°°(u) n U' = 0, for if A e *™P0 
with WF' h (A) C U' then Au E ^(X) by Lemma 3.9 and Corollary 3.11. □ 



Again, this can be modified to allow Neumann boundary conditions. Namely, 
rather than consider L4*A r , P], we work directly with the quadratic form, see (4.7). 
Thus, writing w — (x,y,t) and g for the semi-Riemannian metric g — dt 2 , while 
Jdw is the volume form of g + dt 2 , and (•, •) is the corresponding inner product on 
L 2 (X), (4.7) shows that 

(A*A r u, f) - (/, A*A r u) 
( 6 - 23 ) = J^(g ij D Wi u,D Wj A* r A r u) - ]T(.^ ] D^A* r A r u,D W] u). 

ij ij 
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Then the replacement of (6.19) is achieved by expanding the right hand side: 
J2(9 i:i D m u, D Wj A*A r u) - J2(9 ij D Wi A*A r u, D Wj u) 

ij ij 

= J2(9 ij D Wi u, [D W] ,A;A r ]u) + Y / (9 l3 D Wt u,A;A r D W] u) 

(6.24) ij ij 

- D Wi , A*A r ]u, D Wj u) - ^2(A* r A r g t: > D Wi u, D Wj u) 

ij ij 

= ^ //'•'/)., a. [D Wj , A* r A r ]u) - Y,([g l3 D Wz ,A* r A r ]u, D W] u): 

ij ij 

the second and fourth terms in the middle cancel as A*A r is symmetric. If there 
were no boundary present, i.e. if dX = 0, we could of course write the right hand 
side as 

- ^(([^. , A*A r ]g ij D Wi + D* Wj [g ij D Wi ,A*A r ])u, u) 



13 

l2 



= ([Di-A,A* r A r }u,u), 

so formally this is indeed the same commutator as the one considered in (6.19). 
The actual expression, the right hand side of (6.24), can be analyzed much as in 
the Dirichlet problem, using Lemma 2.8 to compute the commutators. 

To illustrate the form that (6.23) takes, replace A*A r by A* A temporarily, now 
&b,o{A*A) = a 2 . Thus, by Lemma 2.8, up to terms of similar form with vanishing 
symbol at x = 0, y = yo, t = to, the right hand side of (6.23) is, i times, 

ij ij 

where the summation is only over the coordinates vanishing at the corner (i.e. 
X!,...,x k ), and C e ^\X) with <J h ^{C) = ^{A^x^xlxl cf. (6.15) 
and the sentence afterwards. We can subtract this from the PDE (which corre- 
sponds to restricting to the characteristic set of P, or allowing the term R'P in 
(6.16)), considered in the form 

/ ^ 9 lj Dwi u D Wj CuJdw+ / g u D Wi Cu D Wj uJdw, 

ij ij 

plus terms involving /, commute the C through the D Wi , D Wj (the commutators 
are lower order in terms of b-differential order, so we ignore them), to obtain an 
expression for 

/ ^2g i] D^uCBy.uJ dw + / ^2 9 ij C D m uD yj uJdw, 

ij ij 

y = (y,t) as usual. Shifting the tangential derivatives Dy i over and rearranging 
this gives (modulo lower order terms), with B as in (6.15), and C also as there, 



/ 



CBuCBuJdw = \\CBu\\ 2 . 



The neglected error terms can be treated much as in the Dirichlet problem, giving 
the desired positivity estimate. 
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7. Glancing points 

We again need a technical lemma, roughly stating that when applied to solutions 
of Pu = 0,!i£ Hq(X), microlocally near Q, D Xi is not merely bounded by D tl but 
it is small compared to it. Such an estimate is natural since p\ x =a = t 2 — |£| 2 — |£| 2 
gives t~ 2 |£| 2 < C(r~ 2 \p\ + \x\ + |1 — t _2 |C| 2 |), and 1 — t~ 2 |£| 2 is homogeneous 
degree zero and vanishes at Q, so the right hand size is small near Q. Below a 
^-neighborhood refers to a ^-neighborhood with respect to the metric associated to 
any Ricmannian metric on the manifold h T*X, and we identify S*X as the unit 
ball bundle with respect to some fibre metric on h T*X. 

Lemma 7.1. Suppose u G Hq 1oc {X), and suppose that we are given K C b S*X 
compact satisfying 

KcGn T*T Kreg \ WF- 1,s+1/2 (Pn). 

Then there exist So > and Cq > with the following property. Let 5 < So, 
U C b S*X open in a S -neighborhood of K, and A = {A r : r G (0,1]} be a 
bounded family of ps.d.o's in ^ s bc (X) with WF' b (A) C U, and with A r G ^^(X) 
for r G (0, 1]. 

Then there exist B G ^ 1/2 (X), B G ^ S b +1/2 (X) with WF' b (B),WF' b (B) C U 
and Co = Cq(S) > such that for all r > 0, 

E llA^f < C S\\D t A r uf + C (\\u\\ 2 HLix) + \\Buf H1{x) 

i 

+ \\Puf H - J{x) + \\BPu\\ 2 H - 1{x) ). 
The meaning of\\u\\ H i ( X ) an d H-^H j^-Vx) * s s ^ e ^ * n R emar k 4-1- 

loc \ ) 

Remark 7.2. As K is compact, this is essentially a local result. In particular, we 
may assume that if is a subset of h T*X over a suitable local coordinate patch. 
Moreover, we may assume that So > is sufficiently small so that D t is elliptic on 
U. 

Proof. By Lemma 6.1, applied with K replaced by WF^(^4) in the hypothesis (note 
that the latter is compact), we already know that 

(7.1) 

\\d x A r u\\ 2 <\\D t A r u\\ 2 

+ Co(\H\ 2 H Li x) + \\Bu\\m ( x) + WPuWl-Kx) + \\BPu\\ 2 H -i {x) ). 

for some Cq > and for some B, B as in the statement of the lemma. Thus, we 
only need to show that if we replace the left hand side by \\D Xi A r u\\ 2 (i.e. we 
drop the tangential derivatives, at least roughly speaking), the constant in front of 
||-D t A r w|| 2 can be made small. 

As a first step, we freeze the coefficients at Tk, i-e. replace Aij(x,y), etc., by 
A lj (0,y). Writing A i;j {x,y) = Aij(0,y) + J2 x i A ' ij i(x,y) as in the proof of Propo- 
sition 4.6, we deduce that if the operators A r are supported in \x\ < S, then (4.4) 
holds, i.e. 

| f J2 x i A iJi D *i A r uD *j A r u \ < C5j2\\D Xt ,A r u\\ \\D Xj ,A r u\\, 
Jx i'j> 
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BPu\\ 2 H - HX) ), 



with analogous estimates with Ay (x, y) — Aij (0, y) replaced by Bij (x, y) — Bij (0, y) 
or dj(x,y). Combined with (7.1) above, this gives that 

/ ^ Aj } (0, y)D Xi A r u D Xj A r u + Bjj (0, y)D Vi A r u D Vj A r u 

< (l + Ci<5)||AAu|| 2 

+ Co (H 2 ^ ooW + H S * w 

and hence, after rearrangement, that 

/ ^A tl {Q,y)D Xi A r uD Xj A r u 
Jx ij 

< J [(D 2 ^J2 B v^,y)D yt D yj )A r uA~^ + Ci8\\D t A r u\\ 2 

+ ^(||«||^ cW + \\Bu\\ 2 m{x) + ll^ll^(x) + \\BPu\\ 2 H - 1{x) ). 
It thus suffices to prove that 

/ ((D 2 -^B ij (0,y)D Vi D Vj )A r uA^) 
(7.2) Jx x ' 

< C 2 S\\D t A r u\\ 2 + C 2 (S)(\\u\\ 2 HL{x) + \\Bu\\ 2 Hl{x) ), 

which we proceed to do. 

Let ip e C°°( h S*X) (which can thus be identified with a homogeneous degree 
zero function on h T*X \ o) with ip = 1 near WF' h (A), supp?/> C U, \ip\ < 1, and let 
G e ^l(X) be such that 



(7.3) 



WF' h (G) C U, WF' h (D t GD t - (D 2 - ]T By £>„,£>„,)) n WF^) = 



, 9 = ( 7 b , (G)-^(l-r- 2 ^B y C l 0)- 
Such ^ and G exist, since D t is elliptic on W¥' h (A). Now, 

{(DtGDt - (D\ -J2B ij (0,y)D Vi D Vj ))A r uA^j 



<C' 2 \\u\\ 2 HL{x) 



since (D t GD t - (D 2 - J] />', ,/->., D y is uniformly bounded in <£ b °°(X), by the 
first line of (7.3). Moreover, 

sup \g\ < C 3 S 

since |1— t~ 2 BijQQ \ < C^d on a ^-neighborhood of K. Indeed, 1— t~ 2 B t jQQ 
is a homogeneous degree zero C°° function on a neighborhood of K in h T*X (hence 
C°° near K in b S'*X) which vanishes at QnT*^. Since there exists G' G ^(-X") 
with WF(,(G') c C/ satisfying 

||G«|| <2sup| 5 | \\v\\ + ||G'«|| 

for all v e L 2 (X), we deduce that ||Gw|| < 2G 3< 5||w|| + for all v e L 2 (X). 

Applying this with v — D t A r u, and estimating ||G'w|| using Lemma 3.13, (7.2) 
follows, which in turn completes the proof of the lemma. □ 
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We are now ready to state and prove the tangential propagation estimate. First, 
local coordinates (x, y, t) near p € Ti. YCg give a product decomposition of a neigh- 
borhood of p e ^.rc g in X of the form U x V, U C [0,oo) fe , V C , hence of 
T*X as T*U x T*V. We denote the projection T*X -> T*F by tt|. Explicitly in 
local coordinates (x, y, i, £, Q, r) on T* , 

<(a;,j/,*,C,C,T) = {y,t,Cr)- 

• * 

With TTi : Tt X — > b T X being the restriction of 7r to Ti- X, irf is an extension 

■J i ,rcg i , rcg L 

of 7Ti in the sense that 7if | T * xn(r*(/xT*y) = tt»- The tangential propagation 
estimate is then the following: 

Proposition 7.3. Lef u € i?g Joc (X). Given K C 6 S'*X compact with 
(7.4) X c (0 n T*jr iire5 ) \ WFj 1 ' 00 (Pu), 

i/iere exist constants C > 0, S > suc/i f/iai f/ie following holds. If q = 
(yo,toXo, T o) <= ^ an( ^ / or some < <5 < <5 , C S < e < 1 and /or a// a = 
(x,y,t,Z,C,r) € Char(P) 

ct e T*Tj. reg and \nf(a — exp(— SH p )(ir~ 1 (qo)))\ < eS and \x(a)\ < eS 

(? ' 5) => wj(a)$ WF b (u), 

then q WF b (u). 

Remark 7.4. In the estimate (7.5), H p can be replaced by any C°° vector field which 
agrees with H p at the point 7r~ 1 (g ), since flow to distance 6 along a vector field 
only depends on the vector field evaluated at the initial point of the flow, up to 
committing an error 0(S 2 ). In particular, it can be replaced by the vector field 
W defined below. Similarly, changing the initial point of the flow by 0{8 2 ) will 
not affect the endpoint up to an error 0(S 2 ). Thus, estimate (7.5) can be further 
rewritten, at the cost of changing Co again, as 

a e r*^, reg and \irf(exp(dW b )(a)) - f„| < eS and |x(exp(dTK b )(cv))| < e6 

=*nj(a) $ WF b (u); 

here we also interchanged the roles of the intial and final points of the flow. 

Proof. The proof is very similar to the previous one and now the positive commuta- 
tor construction follows that of Melrose and Sjostrand [4], as well as [13] in iV-body 
scattering without bound states. Thus, we take local coordinates as above, i.e. of 
the form (x,y,t) with the Tj intersecting the coordinate neighborhood defined by 
the vanishing of components of x. We can use t — to now to measure propagation, 
since T~ 1 H p (t — t ) = 2 > 0. More precisely, to allow for both signs of r and yet 
keep the sign of the derivative along H p fixed, we need to take 

fj = (sign r)(t - t ) 

as the propagation variable, so |r| _1 _ff p r7 = 2. However, for the sake of notational 
simplicity and clarity, we take To > 0, and make all symbols below supported in 
t > - the general setting only requires replacing t — to by f) in (7.11) below. 

Then we could construct ujq e C°°(T*.Fj) (defined near g ) to measure the 
squared distance from the integral curve of 

(7.7) W b = 2rd t - H h , h(y, Q = C ■ B(y)( 
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through qo; this can be achieved by solving a Cauchy problem as in [4], [13]. In fact, 
this does not need to be done precisely - after all, W' 9 is only an approximation to 
Hp in the very first place. Thus, all we need is that uiq is the sum of squares of 21 
homogeneous degree zero functions Pj : 

21 

UJ = J2PP W b p 3 (q o ) = 0, 
3 = 1 

dpj(q ), j = 1, ... ,21 linearly independent at qo. Since dim Tj =1 + 1, dpj(q a ), j — 
1, ... ,21, together with dt (t is also homogeneous degree zero), span the cotangent 
space of the quotient of T*Ti by the K+-action, for dimensional reasons (note that 
WH(q ) ^ 0). In particular, 

It-WwoI <C£wo /2 (wo /2 + l*-*ol) 

Then we extend ojq to a function on h T*X (using the coordinates (a;, y, t, a, £, r)), 
let 

(7.8) oj = oj + \x\ 2 . 

Then the 'naive' estimate, playing an analogous role to (6.7) in the hyperbolic 
region, is 

It- 1 ^ < cv/v /2 + \t-t \ + r- 2 |£| 2 ) 
<cV/ 2 (^/ 2 + |t-to| + T- 2 H), 

where we used that p\ x= o = r 2 — |£| 2 — \(\ 2 lets us estimate 

r-^\ 2 <C{r- 2 \p\ + \x\+ujl /2 + \t-t Q \), 

for 1 — t~ 2 |£| 2 is homogeneous degree zero and vanishes at Q (recall from the 
beginning of the section that this last estimate motivates Lemma 7.1). Note that 

(7.9) is much more precise than (6.7): we have a factor of uj 1 / 2 + \t — t \ + T~ 2 b| in 
addition to lo 1 / 2 - this is crucial since we need to get the direction of propagation 
right. Again, we in fact need a more explicit version of this: 

r-'HpU; = .fo + J2 + E '^i- 

(7.10) * i,j 

fiJij eC°°( b T*X), |/i|<CV/2( w i /2 + |t-to|). \fij\ < Chj 1 / 2 

fi, fij homogeneous of degree 0. Note that the estimates on are weaker than 
the estimates on /j. In fact, fij arises from the 2^2{d Vk Aij)£i£jd(; k term of H p in 
(6.1) - when applied to p 2 , it gives a result of the stated form. The reason for the 
sufficiency of this weaker estimate is that at TT~ 1 (qo), £ = 0, so the fij term can be 
estimated using P (as will be done below), as was already done at a formal level in 
(7.9). 

Finally, we let 

1 

and define a almost as in (6.11), with r\ replaced by t — to, namely 

(7.12) a = xo(A - 1 (2 - <f>/6)) X i((t - t + S)/eS + 1) X 2(W\ 2 /r 2 ). 

The slight difference is in the argument of %i > i n order to microlocalize more pre- 
cisely in the 'hypothesis region', i.e. where u is a priori assumed to have no wave 



(7.11) (j) = t-to + —uj, 
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front set. This is natural, since for the hyperbolic points we only needed to prove 
that singularities cannot stay at the given boundary face .Fi.reg, while for glancing 
points we need to get the correct direction of propagation. We always assume e < 1 , 
so on supp a we have 

4> < 25 and t - t > -eS - 5 > -25. 
Since uo > 0, the first of these inequalities implies that t — t < 25, so on supp a 

(7.13) \t-t \<25. 
Hence, 

(7.14) uj < e 2 5{25- (t - t )) < A5 2 e 2 . 
Moreover, on suppd%i, 

(7.15) t-t e [-6-eS, -5], lu 1/2 < 2eS, 

so this region lies in (7.6) after e and 5 are both replaced by appropriate constant 
multiples, namely the present 5 should be replaced by 5/2t . 

We again start with the imprecise motivational argument. Thus, using (7.9), 
(7.14), r^ 1 H p (t - t ) = 2 = c > 0, we deduce that at p = 0, 

T- 1 H P 4> = H p (t - t ) + -^Hpuj 

>c /2- -lcV/V /2 + \t-t \) 

>c /2-2C'{{5+-) >c /4>0 

provided that 5 < 16 c | g,„ , | > 16 g 1 , i.e. that 5 is small, but e/5 is not too small - 
roughly, e can go to at most proportionally to 5 (with an appropriate constant) 
as 5 — > 0. (Recall also that e < 1, so there is an upper bound as well for e, but 
this is of no significance as we let 5^0. It is also worth remembering that in the 
hyperbolic region, e roughly played the same role as here, but was bounded below 
by an absolute constant, rather than by a suitable multiple of 5, hence could not 
go to as 5 — > 0.) With this, we can proceed exactly as in the hyperbolic region, 
so (recall that r > on supp a!) 

H p a 2 = -b 2 + e,b = T 1 / 2 (2r- i H p< py/ 2 (A 6)- 1 / 2 ( X0X ' ) 1/2 XiX2, 

with e arising from the derivative of XiX2- Again, xo stands for xo(^o~ 1 (^ — a))> 
etc. In view of (7.15) and (7.6) on the one hand, and that d\2 is disjoint from 
the characteristic set on the other, both suppdxi and suppdx2 are disjoint from 
WFb(u). Thus, P] is positive modulo terms that we can a priori control, so 

the standard positive commutator argument gives an estimate for Bu, where B has 
symbol b. Replacing a by ar s+1 / 2 , we still have a positive commutator (again, D t 
actually commutes with P, but in any case we could use Aq to bound the additional 
commutator term), which now gives (with the new B) that Bu G L 2 (X), which 
means in particular that qo £ WF b ' s (u). 
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The detailed proof is analogous to the hyperbolic case, with the biggest difference 
being the treatment of the term in t~ 1 H p uj. First, 

T^HpCf) = T- X H v (t - t ) + j^T^HpUU 

= 2 + i (/o + E + E A/ T '^i)- 

i i,j 

Let S e *b /2 W with 

6 = (7 6l o(B) = r 1 /2(yl 0( 5)-i/2 (xo ^ ) i/2 XlX2 e C oo ( b T * x ^ o)) 

and let A e ^l(X) with <76,o04) = a- Again, xo stands for xo(Aq 1 (2 - $)), 
etc. Also, let C e *b(A) have symbol a bfi (C) = \/2> where V € 5°( b T*X) is 
identically 1 on U considered as a subset of h T*X. Then an explicit calculation 
using Lemma 2.8 gives, in accordance with (7.16), 

i[A*A,P] 

= R'P + B*(C*C + i? + E D *i R i + E l} /,, '.' /) :,/>> + R" + E + E' 

i ij 

with 

R' e ^b 1 ^), i?" e Diff 2 *b 2 (X), e Diff 2 *^ 1 ^), 

with WF;(£) C 77- 1 ((-oo,- ( 5]) n C/, WFb(-E') n t = (E arises from the com- 
mutator of P with an operator with symbol Xi(r//<5 + 2), while from the com- 
mutator of P with an operator with symbol X2(M 2 /t 2 )) and with r = <Jb,o(Ro), 
n = a b -i(Ri), rij e a b - 2 {Rij), 



and supprj lying in w 1 / 2 < 3eS, \t — t \ < 35. Thus, 

\r \<3C 2 (S+- e ), \rn\ <3C 2 {5+ 5 -), \t\j\ < 3C 2 e~\ 

Thus, the Rq and Ri terms can be treated exactly as in the hyperbolic case, i.e. as in 
the proof of Proposition 6.3. That is, as in the hyperbolic setting, let T € (X) 
be elliptic, T~ e ^l(X) a parametrix, so T~T = Id+F, F e ^°°(X). Then 
there exist R ,R'i € V^b (^0 such that for any 7 > 0, 

|(i2ou,u)| < ||i? w|| ||u|| < 2sup|r | ||v|| 2 + \\R' v\\ \\v\\ 
<6C 2 ( 6 - + S)\\v\\ 2 + 1 - 1 \\R' v\\ 2 + 1 \\v\\ 2 , 
\\Riw\\ = \\Ri(T-T - F)w\\ < \\(RiT-)(Tw)\\ + \\R t Fw\\ 

< &C 2 { 5 - + 5)\\Tw\\ + \\I%Tw\\ + \\RiFw\\ 

for all w with Tw <G L 2 (X), hence 

K-R»-Dx 4 u,u>| <6C 2 (- + 5)||r^ Xi «|| || V || 

+ 2 7 |M| 2 + 7 - 1 ||i#r£> X4 t;|| 2 + 7 " x U^A^f, 
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with 

However, the Rij term needs to be treated separately, since we need that mi- 
crolocally r~ 1 D Xi is small (bounded by a constant multiple of 5), and not merely 
bounded, which is all we needed both in the proof of Proposition 6.3 and here for 
the i?o and R% terms. This is accomplished by the use of Lemma 7.1. Namely, as 
in the hyperbolic setting, there exist R' i} - G (X) such that 

\\(T-)*R ijW \\ < 6C 2 e- 1 \\Tw\\ + \\R' tl Tw\\ + ||(T")* R tJ Fw\\ 

for all w with Tw e L 2 (X). Thus, 

\(RijD Xi v,D Xj v)\ < 6C 2 e- 1 \\TD Xi v\\ \\TD Xj v\\ 

+ j\\TD Xj v\\ 2 + j-^TDzMl 2 + l~ 1 \\FijD Xi v\\ 2 
+ \\R ij D Xi v\\\\FD Xj v\\, 

with Fij e * b °°(I). For v = B r u, B r = BA r , Lemma 7.1 thus gives 

\(R l3 D Xt B r u,D X] B r u)\ < 6C 2 -\\B r u\\ 2 + jWBruW 2 

+ 1 - 1 \\R' lJ TD Xt B r u\\ 2 + 1 - 1 \\F t3 D Xt B r u\\ 2 

+ \\R i3 D Xi B r u\\ \\FD Xj B r u\\. 

For S < So, f < Cq sufficiently small, we finish the proof as in the hyperbolic 
setting, showing that BAqu e L 2 (X), and hence that q WF b ,s (w). 

Again, (7.12) needs to be modified slightly to show q ^ WFJ ) '°°(w). Now we 
take, with v < 1, 

a = Xo (V(l + HS))xi((t - to + S)/eS + v) X 2(\a\ 2 / r 2 ) , 

i.e. we replace 2 by 1 + v in in the argument of xo, an d we replace 1 by v in the 
argument of Xi- I n th° iterative step we decrease v by an arbitrarily small amount, 
which suffices to prove qo £ WF^ ,00 (u); see also the proof of Proposition 6.3 here, 
and the proof of [2, Proposition 24.5.1]. □ 

The results of this section can be adapted to Neumann boundary conditions, 
using the argument presented at the end of the previous section. 

8. Propagation of singularities 

An argument of Melrose and Sjostrand [4, 5], see also [2, Chapter XXIV] and 
[3] allows us to conclude our main result concerning the singularities of solutions of 
the wave equation. The proof presented below essentially follows Lebeau's paper 
[3, Proposition VII. 1]. Correspondingly, we only give the proof at H in full detail; 
at Q the arguments are sketched, but the details are precisely as in Lebeau's case. 
We mostly discuss the Dirichlct boundary condition - the results are also valid 
for Neumann boundary conditions, see Theorem 8.5, and the arguments presented 
need no modification at all in that case. We thus have the following theorem. 

Theorem 8.1. Suppose that u e H^ loc (X). Then WF^°°(u) \ WF f ; 1 ' 00 (Pu) C t, 
and it is a union of maximally extended generalized broken bicharacteristics of P 
m ±\ WF7/ 1,00 (Pu). 



PROPAGATION OF SINGULARITIES 



47 



In fact, if u £ ffg'™ c (A) for some m < 0, then for flllseKU {°°}; WFJ'^h) \ 
WF7/ 1,a+1 (Pu) C t, and it is a union of maximally extended generalized broken 
bicharacteristics of P in £ \ WF^ 1 ' s+1 (Pu). 

Remark 8.2. Suppose that for each boundary hypersurface Hj, we are given Dirich- 
let data gj £ C°°(Hj), which are compatible, so at Hi n Hj, gi\HtnHj — g^HinHj 
for all Then there is g £ C°°(X) with g\ Hj = g r Now, if u £ H^ oc (X) and 
u\ Hj = gj, then v = u — g £ H^ loc (X). Thus, the theorem is applicable to v. Since 
Pv = Pu- Pg and Pg £ C°°(X), WF~ h °°(Pu) = WF~ 1,00 (.Pw), and similarly 
WF b '°°(u) = WF b '°°(v), we deduce that WF b '°°(u) \ WF b 1,00 (Pu) is a union of 
maximally extended generalized broken bicharacteristics of P in £ \ WF b '°°(Pw). 

Remark 8.3. As already expained in the introduction, we can relax the hypothesis 
u £ Hq 1oc (X) in the results of Sections 4-7 to u £ ^b'cTioc(^)' m — without 
changing the arguments, except replacing the H\ oc (X) norms by the H^'™ c norms 
for the 'background terms', such as ||u||#i (x) in Lemma 6.1, and analogously for 
HPuH^-i^-j. The microlocal norms, in which we are gaining regularity, such as 

those of Bu and BPu in Lemma 6.1 are unchanged! Indeed, now we merely need 
to apply Lemma 3.18 in place of Lemma 3.13. 

The point of this generalization is to allow more singular (approximate) solutions 
of the wave equation, such as its fundamental solution. An alternative way to 
deal with these solutions is to regularize them in time (which one can do without 
destroying, say, Pu = 0), and use the Hq i oc (X) results - but stating (and proving) 

the result for u € H^'™ loc (X) is the neater way to proceed. 

Corollary 8.4. Suppose that Pu = 0, u e H^ loc (X). Then WF b (u) C S, and it 
is a union of maximally extended generalized broken bicharacteristics of P in S. 

The theorem for Neumann boundary conditions takes the following form. 

Theorem 8.5. Suppose that u g Hl oc (X) and f € H^l(X). Suppose also that for 
allveH^(X), 

(8.1) {D t u, D t v) - {d M u, d M v) = (f, v). 

Then WF^' s (ii) \ WF 6 ' s+ (/) C E, and it is a union of maximally extended gen- 
eralized broken bicharacteristics of P in E \ WF 6 ' s+ (/). 

In fact, ifuG H]^{X) for some m < 0, and (8.1) holds for all v G ~ m (X) 
then for all s £ M U {oo}, WFj' s (u) \ WF^'^if) C E, and it is a union of 
maximally extended generalized broken bicharacteristics of P in E \ WF^ 1;S+1 (/). 

Proof. (Proof of Theorem 8.1.) For notational simplicity, we state the proof for 
WF^°°(m). The case of general s only requires notational changes. Note that 
WF b '°°(u) \ WF b '°°(Pu) C E by Proposition 4.6, so we only need to prove that 
it is a union of maximally extended generalized broken bicharacteristics of P in 
E\WF b 1 ^ 00 (Pu). 

We start by remarking that for every I'cS and q £ V, the set TZ of generalized 
broken bicharacteristics 7 defined on open intervals including 0, satisfying 7(0) = q, 
and with image in V, has a natural partial order, namely if 7 : (a, (3) — » V, 7' : 
(a' ,(3') — ► V, then 7 < 7' if the domains satisfy (a, (3) C {a',(3') and 7 = t'I (ce,j3)- 
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Moreover, any non-empty totally ordered subset has an upper bound: one can 
take the generalized broken bicharacteristic with domain given by the union of the 
domains of those in the totally ordered subset, and which extends these, as an upper 
bound. Hence, by Zorn's lemma, if 1Z is not empty, it has a maximal element. Note 
that we can also work with intervals of the form (a, 0], a < 0, instead of open 
intervals. 

We only need to prove that for every q G WF^'°°(u)\ WF b " 1 '°°(Pu) there exists 
a generalized broken bicharacteristic 7 : [— eo,£o] — ► e > 0, with 7(0) = go 
and such that e WF^°°(u) \ WF^ 1 '°°(Pu) for t G [-e ,e ]. In fact, once 
this statement is shown, taking V = WF^ ,00 (u) \ WF," '°°(Pw), q = q , in the 
argument of the previous paragraph, we see that 1Z is non-empty, hence has a 
maximal element. We need to show that such an element, 7 : (a, (3) — > S, is 
maximal in S \ WF~ 1,00 (Pu) as well, i.e. if we take V = t \ WF~ 1,00 (Pu), q = 
qo in the first paragraph. But if 7' : — > S is any proper extension of 
7, with say a' < a, with image in t \ WF^ 1 ' 00 (Pu), then Y(a) £ WF^°°(u) 
since WF^'°» is closed, and 7 maps into it, hence by our assumption there is a 
generalized broken bicharacteristic 7 : (a — e', a + e') — > WF b '°°(u) \ WF^ 1 ' 00 (Pm), 
e' > 0, 7(a) = 7'(a); piecing together 7\r a -e',a] an( i 7; directly from Definition 1.1, 
gives a generalized broken bicharacteristic which is a proper extension of 7, with 
image in WF^ ,00 (u) \ WF b ^ 1 '°°(Pu), contradicting the maximality of 7. 

Indeed, it suffices to show that for any i, if 

(8.2) q e WF^°°(«) \ WF- 1 ' 00 (P«) and q e T*^, rcg 

then 

there exists a generalized broken bicharacteristic 7 : [— eo, 0] — > S, eo > 0, 
7(0) =9o, 7(*)G WF^( U )\WF b 1 ^(P«), te[-e 0) 0], 

for the existence of a generalized broken bicharacteristic on [0, eo] can be demon- 
strated similarly by replacing the forward propagation estimates by backward ones, 
and, directly from Definition 1.1, piecing together the two generalized broken 
bicharacteristics gives one defined on [— e ,e ]. 

We proceed to prove that (8.2) implies (8.3) by induction on i. For i = 0, this 
is certainly true by Hormander's theorem on propagation of singularities, and if 
codim^ = 1, it follows from the Melrose-Sjostrand theorem. 

So suppose that (8.2)=>(8.3) has been proved for all j with T% C Tj and that 
qo G HOT* !Fi. rcg satisfies (8.2). We use the notation of the proof of Proposition 6.3 
below. Let U c U^ iC ^,^*-^j',reg be a neighborhood of qo = (0, yo, to, Co, to) in S 
which is given by equations of the form \x\ < 5', \y — yo\ < S', \t — t \ < 5', \t — t \ < 
6', |C - Col < 5', 5' > 0, such that H p r] > on ^(U) and U n WF^ 1 '°°(Pm) = 0. 
Such a neighborhood exists since qo i WF- 1 '°°(Pu) and H p -q{qo) = r 2 -|C| 2 > for 
every q € if -1 (qo)- Also let U' be a subset of U defined by replacing 5' by a smaller 
8" > 0, and let e > be such that for any generalized broken bicharacteristic 7 
with 7(0) € U', 7|[_ £o . £o ] € U. By Proposition 6.3, there is a sequence of points 
q n G S such that g„ e WF^ ,00 (u), g„ — > g a s n — > 00, and ry(g„) < for all n, so 
we may assume that q n e J7' for all n. By the inductive hypothesis, for each n, 
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there exists a generalized broken bicharcteristic 

(8.4) 7 n :(-4,0]-(WF^( U )\WF- 1 ' oo (P U ))n (J T*F j>ieg 

with 7„(0) = q„. We now use the argument of the first paragraph of the proof 
(after the introductory remark about s) with V = (WF£'°°(u) \ WF^ 1 '°°(Pu)) n 
U^c^j T*J 7 j_ YCg , and g = g„. Thus, 7„ G 7£, which is hence non-empty, hence has 
a maximal element. We let 

(8.5) 7 n:("£n,0]^(WF^( U )\WF^ oo (P U ))n (J T*^, reg 

be a maximal element of 1Z; it may happen that -e n = — oo. 

We claim that e n > e . For suppose that e„ < e . By Corollary 5.6, 7„ extends to 
a generalized broken bicharacteristic on [— e n , 0], we continue to denote this by 7„. 
Since e n < eo, 7« is a generalized broken bicharacteristic with image in U; indeed 
the closure of the image is still in U. Taking into account that r\ is increasing on 
generalized broken bicharacteristics in U since H v r\ > there, we conclude that 

-\r(ln{t))l\^ln{t)) ■ £(7n(*))) = T?( 7 n(*)) < V(ln(0)) < 

for t e [-e„,0], hence a;(7„(i)) 7^ 0. Thus, 7„(-e„) € U^c^T*^-^. Moreover, 
7«(— £«) € WFj' ) ' 00 (M) since WF b '°°(ti) is closed, and 7 n |(-e„,o] maps into it. Thus, 
by the inductive hypothesis, there is a generalized broken bicharacteristic, 

(8.6) 7™:(«,-en]^(WF^ 00 ( U )\WF- 1 ' 00 (P U ))n (J T*^, reg 

with a < -e„, 7„(-e„) = 7„(-e„). Hence, piecing together % and 7„ gives 
a generalized broken bicharacteristic mapping into (WF b '°°(u) \ WF b ^ 1 '°°(Pu)) n 
U.f-c.f- T*J 7 j_ Yeg and extending 7„, which contradicts the maximal property of 7„. 
Thus, e„ > eo as claimed. 

By Proposition 5.5, applied with K = WF b '°°(u), there is a subsequence of 
7n|[_ e0i o] converging uniformly to a generalized broken bicharacteristic 

7 :[-e ,0]^WF b >°». 

In particular, 7(0) = qo and j(t) G WF b '°°(w) for all t G [— e ,0], providing the 
inductive step. 

We now turn to go € Qf\T*Ti , rog . We repeat the argument of Melrose-Sjostrand, 
as presented in Lebeau's paper [3, Proposition VII. 1]. We very briefly outline the 
proof below; the detailed version follows Lebeau's closely, with some changes in the 
notation. Let U C \Jjr. c ^. T*F jties \WF^'°°(Pu) be a neighborhood of q , Uq a 
smaller neighborhood, as above. We take eo > small. Suppose that < e < e , 
q G Uq. Let 

(8.7) 

1Z J e — {generalized broken bicharacteristics 7 : [— e, 0] — > WF b '°°(u), 

7 (0) = 7 (i) £ n T*^, rcg for t G (-e, 0]}, 
1Z q e — {generalized broken bicharacteristics 7 : [— e',0] — ► WF b ,oc (u), e' G (0, e), 

7(0) = q, -fit) £GC\ T*fi, les for t G (-e', 0], 

7 (-e') e5nPfi, reg }. 
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Moreover, reflecting the inequalities in (7.5), let 

(8.8) B(q,e) = {q' G±: max{|<(g') - q\,\x(q')\} < e}. 
Let C > be as in Proposition 7.3. For q e Q n T*.F iireg , let 

(8.9) D(q,e) = i?(cxp(-eH p )( 7 r- 1 (g)), C e 2 ) n WF^°°( U ), 
and for q <£ Q n T*^ r i;reg , let 

(8.10) 

D(g,e) = { 7 (-e): 7 € ftJ.J 

U{S(exp(-( e - e ')^)(^ 1 (7(O),C (£-6') 2 )nWF^( U ) : 7 e ft 2 ,J- 

The reason for introducing D(q, e) is that it is a good candidate for the beginning 
point of a generalized broken bicharacteristic segment in WFJ ) ' 00 (m), defined over 
an interval of length e, and ending in q. 

Indeed, for q G Q n T*Ti, IC g n WFj ) ' 00 (u), we deduce from Proposition 7.3 that 
D(q,e) ^ 0. For q e WF^' 00 ^) \(gn T*^ ireg ), by the inductive hypothesis, the 
previous part of the proof concerning W n T*.Fj ;reg , and the first two paragraphs 
(after the introductory remark about s) with = WF b ,oc (u) \ ((Q n T* JFj rog ) U 
WF^ 1 ' oc (Pm), g = go, there is a maximally extended generalized broken bichar- 
acteristic 7 with image in V. By the argument of the second paragraph, this is 
either defined on all of [— e, 0], or only on (— e',0] with < e' < e, in which case 
7 (— e') G G C\T*Ti :rcgl hence again by Proposition 7.3 we conclude that D(q, e) ^ 0. 
Thus, for all q e U n WF^°°(u) we have deduced D(q, e) ^ 0. 

For each integer N > 1 now we define a sequence of 2 N + 1 points <?j,jV) j € N, 
< j < 2^, which will be used to construct points 7 (— j2~ N eo) on the desired 
generalized broken bicharacteristic 7 : [— e ,0] — ► WF b '°°(w) through go- Namely, 
let e = 2 _Jv e , <Zo.at = 5o, and choose gj+i,jv € D(q 3 , N ,e). Let J7jv = {-j2 _Jv e : 
< j < 2 N } C [-e ,0], J = U% =1 J N . We write 7jv (t) = g jiJV for i = -.72-%. 
For each t e J7, the sequence 7 jv(i) (defined for large iV) stays in a compact set. 
Hence there exists a subsequence 7 A? fc such that for all t € J7, 7 Ar fc (t) converges to 
some 7 (i). 

This defines 7 : [— eo,0] — > WF b 00 (it) at elements of J7. One can check exactly 
as in Lebeau's proof (which we have been following very closely) that 7 extends to 
a continuous map defined on [— eo,0], and that it is a generalized broken bicharac- 
teristic. This completes the inductive step for tangential points qo e Q n T*Ti, re& , 
hence the proof of the theorem. □ 
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